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1. Introduction

Let S be a separated noetherian scheme of finite Krull dimension, and let
Smg be the category of smooth separated, finite type S-schemes. We denote
by Sp the category of S!-spectra [6] and by S pS1 (Smg) the category of sheaves
of S'-spectra on Smy in the Nisnevich topology [31,32]. Such a sheaf of spec-
tra E is said to be (—1)-connected if, for each integer n <0, its n-th homotopy
sheaf 7, (E) vanishes. Finally, we denote by L1 : SpS (Sms) — Sp’' (Smys) the
(stable version of the) A!-localization functor of [31].

DEFINITION 1. Given S as above, we say that the stable A!-connec-
tivity property holds over § if the A'-localization functor Lji preserves
(—1)-connected S! -spectra.

Our purpose is to address the:

CONIJECTURE 2. The stable A'-connectivity property holds over any regu-
lar base scheme S.

Our main result is that the stable A'-connectivity propertyholds when
the base scheme S is the spectrum of a field. We will discuss consequences
of that property and also provide some general tools which might hope-
fully help to prove more general cases! of the stable A'-connectivity prop-
erty, e.g. when S is essentially smooth over some field. In the sequel, £ will
always denote a fixed field. We will thus prove:

THEOREM 3 (cf. 6.1.8). Assume S = Spec(k). The A'-localization of a
(—1)-connected S'-spectrum is still (—1)-connected.

'J. Ayoup has disproved the previous conjecture in case the dimension of S is >2; the
dimension 1 case is still open.



2 F. MOREL

The A'-localization functor is described in Section 4 and the proof of
the Theorem 3 appears in Section 6. In Section 4 we develop some general
properties of base change. Sections 1 and 2 are recollections on well known
facts.

In the case k is a perfect field, the theorem can be proven (see [27])
using the homotopy purity theorem of [31]. In the remaining case where
k is not perfect, thus is infinite, we must use Gabber’s presentation lemma
[13, Lemma 3.1] and [9].

The following notion will play an important role in this paper:

DEFINITION 4. A sheaf of abelian groups M in the Nisnevich topology
on Smy is called strictly Al-invariant if for any X € Smg, the canonical
morphism

H} (X M) — Hy. (X x Al M)

is an isomorphism.

We make the following observation which justifies the introduction of
the previous notion:

LEMMA 5 (cf. 6.2.9). Assume that the stable A'-connectivity property holds
over S. Then:

(1) For any sheaf E of S'-spectra over S and any integer n€Z, the sheaves
7 (E):=m,(Lyi (E))

are strictly A'-invariant.

(2) Let E: (Smg)® — Sp, U E(U) be a presheaf of S'-spectra over S
which has the B.G. property for distinguished squares (see 3.1.6 and
3.1.8, or [31]) and the A'-invariance property: for any U € Smyg, the
morphism E(U)— E(U x A" is a stable weak equivalence. Then for any
n € Z, the Nisnevich sheaf H"(E)=mn_,(E) associated to the presheaf
U E"(U):=n_,(EU)) is a strictly A'-invariant sheaf.

The well-known examples of strictly Al-invariant sheaves are constant
sheaves, sheaves represented by semi-abelian S-schemes over a general base
scheme. Over k the sheaves of unramified Milnor K-theory [19,35] and
more generally the sheaves of the form X — A%(X; M) for each Rost’s
cycle module M, see [35]. When k is perfect, Voevodsky’s homotopy invari-
ant sheaves with transfers [40] are strictly Al-invariant. These two types of
examples in fact agree by [10,11].
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For instance, for any n €N, the sheaf I, on Sm; in the Nisnevich topol-
ogy associated to the presheaf X+ K,(X) of Quillen’s algebraic K-groups
[33] is strictly Al-invariant. Indeed, following [31,41] the presheaves

X K,(X)

of Quillen’s K-groups can be represented by an S'-spectrum, a T-spectrum
indeed.? But this fact is well-known, for instance it comes from a Rost’s
cycle module [35] as well.

The following example is however new:

COROLLARY 6. Assume char(k)#2. Then the sheaf W on Smy. in the Nis-
nevich topology associated to the presheaf X — W (X) of Witt groups [2,20]
is strictly A'-invariant.

We observe that by [3,4] the sheaves associated to the presheaves X —
Wi(X) of Balmer Witt groups vanish for i # 0[4] and are equal to W for i =0[4].

I. Panin told the author he also has a proof of the corollary which elab-
orates on Voevodsky’s technic from [39], as X +— W(X) has some type of
transfers, though not being a presheaf with transfers in the sense of /loc.
cit.. Corollary 6 is used in the computations in [28,29].

Proof. By [16] there is a sheaf of S'-spectra X +— KW (X) on Sm; which
represents® Balmer’s Witt groups. m|

Remark 7. By the lemma above analogous results hold over a regular
base scheme S on which the stable A!-connectivity propertyholds; indeed,
Quillen K-groups are still represented by an S'-spectrum. If moreover 2 is
invertible in S, the same holds for the sheaf W associated to Witt groups in
the Nisnevich topology on Smg by [16]; clearly an analogous result holds
also for the sheaves associated to hermitian K-theory.

A general consequence of the stable A'-connectivity propertyover S is
that the strictly Al-invariant sheaves form an abelian category Ab,i(S), in
fact an abelian sub-category of the category Ab(S) of sheaves of abelian
groups on Smy for which the functor Ab,i(S) C Ab(S) is exact, see Lemma
6.2.13 below. In a very precise sense, these objects are the analogues in the
motivic algebraic topology for smooth S-schemes of the “discrete” abelian
groups in classical algebraic topology. Here is what we mean.

First observe that if Smg denotes the category of differentiable mani-
folds endowed with the classical topology, the category of strictly R-invariant

2See also [16].
3At least for X affine.
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sheaves is just equivalent to the category of abelian groups. A classical* S'-
spectrum E admits a Postnikov tower

{Pn(E)}neZ={"‘—> PY(E)— - —> P_I(E)_> }

for which the fiber of P"(E)— P"!(E) is the Eilenberg-MacLane spec-
trum H (;r,(E)) associated to the n-th stable homotopy group m,(E) of E.

In the world of Al-homotopy theory over S [25,31,41], we deduce, when
the stable A!-connectivity propertyholds over S, that any sheaf of S!-spec-
tra E on Smg (in the Nisnevich topology) admits a canonical Postnikov
tower as above in which the fiber of P"(E)— P""!(E) is the Eilenberg—
MacLane spectrum H (rr,‘}l(E)) associated to the n-th stable A!-homotopy
sheaf J'r,‘}l(E) =m,(Ly(E)) of E, which is a strictly A'-invariant sheaf. In
other words, there is a t-structure [5] on the stable A'-homotopy category
of Sl-spectra whose heart is Abyi(S).

That (potential) t-structure is called the homotopy t-structure. It is the
analogue in the stable Al-homotopy theory of S!'-spectra of Voevodsky’s
homotopy t-structure for the triangulated category DM®T (k) over a perfect
field & [40].

Remark 8. An obvious abelian variant of our Conjecture 2 and Theorem
3 is obtained by working with chain complexes of sheaves of abelian groups
on Smyg instead of sheaves of S!'-spectra. Recall that Ab(S) denotes the abe-
lian category of sheaves of abelian groups on (Smg)yis. Let us denote by
D(AD(S)) its derived category. One defines the notion of A'-local chain com-
plex C, and A'-quasi isomorphisms in the same way as the notions of A'!-local
S'-spectra and stable A'-weak equivalences, see Definition 4.1.1. The local-
ization of D(Ab(S)) by the class of Al-quasi isomorphisms is denoted by
D1 (Ab(S)) and will be called the A'-derived category of Ab(S). One can
constructs in the same way the A'-localization functor

Ly : D(AD(S)) — D(AD(S))

which as usual identifies D1 (Ab(S)) to the full subcategory consisting of
Al-local complexes.

We then conjecture that this functor preserves non-negative chain
complexes over any base S. In fact one can prove that this is implied by
Conjecture 2. Our proof of Theorem 3 can be adapted to get the abelian
version: the A'-localization functor over a base field

Ly : D(Ab(k)) — D(Ab(k))

4ef [1,6].
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does preserve non-negative chain complexes. We thus get an homotopy
t-structure on D,i(Ab(k)) in that case.

All this is compatible with the case of S'-spectra through the derived
functor of abelianization’

SHS' (k) = D(Ab(k))

Remark 9. An other variant in the spirit of the preceding remark is
obtained as follows. Let us denote by Ab"(S) the category of sheaves with
transfers in the Nisnevich topology over Smyg in the sense of Voevodsky
[40]. In the case of a general base S one using the group of finite corre-
spondences defined in [38]. One proves as in [40] that Ab""(S) is an abelian
category. Let us denote by DM (S) c D(AbY(S)) the full subcategory con-
sisting of Al-local chain complexes and by

Ly : D(ABY(S)) — DMT(S)

the left adjoint to this inclusion.

Then the same technics from our proof of Theorem 3 proves the
Al-connectivity property holds for this functor when S = Spec(k)). When k
is perfect, Voevodsky showed [40] that the functor L, is equal to the Suslin-
Voevodsky functor C,. This proves the Al-connectivity property in that case.
In case k is no longer perfect, the A!-localization functor is more mysterious
and the A'-connectivity property in that case is new. We hope, as in conjecture
2, that this property always holds. Of course that picture fits with the one of the
preceding remark through the derived functor of “adding transfers”:

D(Ab(S)) — D(ALY(S))

In case of a base field, the heart of the associated homotopy t-struc-
ture is the category of strictly Al-invariant sheaves with transfers. For k
perfect, this is exactly Voevodsky’s abelian category of A'-invariant sheaves
with transfers by the results of [39].

One can also deduce from our theorem that the functor

DM (k) — DM (k)

is a full embedding. This is done in the same way as Voevodsky’s proof in
the case k is perfect [40]. We don’t know whether Voevodsky’s cancellation
theorem [42] holds in that case.

On the way we will prove a refined form of Theorem 2:

SWhich is induced by mapping a sheaf of pointed sets to the free sheaf of abelian
groups with the relation base point=0.



6 F. MOREL

THEOREM 10 (cf. 6.4.1). Assume the stable A'-connectivity propertyholds
over S. Let X be a smooth S-scheme and U C X be an open subscheme
such that the complementary closed immersion Z — X is everywhere of co-
dimension >d and equidimensional over S (in the sense of [38]). Let X/U
denote the obvious quotient sheaf of pointed sets in the Nisnevich topology
on Smg and let (X/U) denote its suspension S'-spectrum. Then the A'-local-
ization Ly (X/U) of the S'-spectrum (X/U) is a (d — 1)-connected sheaf of
Sl-spectra on Smy.

Observe that the case U =0 and d =0 is just Theorem 3. If Z is assumed
to be smooth over S we know from the homotopy purity of [31] that X/U
is Al-weakly equivalent to Th(v;), the Thom space of the normal bundle
of the closed immersion i : Z — X; this easily implies the Theorem in that
case.

Assuming the stable A'-connectivity propertyholds over S, an easy
reformulation of the previous theorem (see Corollary 6.4.6) is the follow-
ing. For any smooth S-scheme X and any open subscheme U C X such that
the complementary closed immersion Z — X is everywhere of codimension
>d and such that Z — § is a universally equidimensional morphism, and
for any strictly A'-invariant sheaf M on Smg the morphism

Hy, (X; M)— Hy, (U; M)

is an isomorphism for n <d —2 and a monomorphism for n=d — 1.

This property is wrong for a general M if one removes the hypothesis
that Z is equidimensional. For instance, given a strictly A'-invariant sheaf
M and U C X an open dense subscheme, then in general the restriction
morphism M(X)— M(U) is not injective.

Pure sheaves. We will then call pure a sheaf on Smg which satisfies the
previous property for any closed subscheme Z of X of codimension >d
and for which Zariski cohomology agrees with Nisnevich cohomology (see
Definition 6.4.9 below).

For instance, if S is normal, any semi-abelian S-scheme A — S defines
a strictly A'-invariant sheaf which is pure. This follows from the standard
properties of abelian schemes [12, Lemma 1] which imply they are flasque
sheaves and A'-invariant. Over a general regular base S, other examples
of pure sheaves should be the sheaves associated to the presheaves X —
H}(X; M) of étale cohomology with coefficients in a locally constant con-
structible torsion sheaf M on S of torsion prime to each characteristic of
the residue fields of S. But this is not yet known unless S itself is smooth
over some base field for instance. It is hard to give other examples of pure
sheaves over a general base.

By Lemma 6.4.11 below, over a base field any strictly A'-invariant sheaf
is pure. However over a general base S, it is not true that a strictly
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Al-invariant sheaf on Smy is automatically pure. Take a closed immersion
i:ZCS with Z a non-empty closed subscheme of codimension d >0. Then
the (flasque) sheaf i,Z is a strictly A'-invariant sheaf on Smg but it is not
pure.

We will make in 6.4.12 below a conjecture which implies in particular
that for any smooth projective S-scheme X and any integer n the A'-
homotopy sheaf T[ﬁl (X4) is pure. Of course, the assumption that X is pro-
jective (and smooth) over S is essential.

Gersten conjecture. By 6.4.15 a strictly A'-invariant sheaf which is also
pure automatically satisfies the Gersten conjecture for all the localizations
of points in smooth S-schemes. Thus our Conjectures over a regular base
scheme S, together with the representability of algebraic K-theory by the
Grassmanian [31] imply Gersten’s conjecture for K-groups for all regu-
lar local rings. In the same spirit some conjecture of the author predicts
that Balmer’s Witt groups are represented by a spectrum constructed out
of smooth projective S-schemes (orthogonal Grassmanian) so that Gersten
conjecture for Witt groups would follow from all these. Finally some ver-
sion of unramified Milnor’s K-theory sheaves [35] over a general regular
base scheme S should satisfy Gersten’s conjecture as well as they should
naturally appear as stable Al-homotopy sheaves of some explicit algebraic
Thom spaces [29].

A'-homology. For X € Smyg let Z[X] denote the sheaf of abelian groups
freely generated by X which we consider as an object in Dy (Ab(S)); this
is the abelianization of the spectrum (Xy) in the sense of Remark 8. For
any integer n € Z we define the n-th Al-homology sheaf® Hf}l(X) of X as
to be the n-th homology sheaf of the A!-localization of Z[X]. As the chain
complex Z[X] is obviously (—1)-connected, if stable A'-connectivity prop-
ertyholds over S, one has HHA] (X)=0 for n <0. In that case, one can eas-
ily deduce that (if the stable A!-connectivity propertyholds over ) for any
X € Smg the canonical Hurewicz morphism (induced by abelianization)

7l (X 1) — HY (X)

is an isomorphism. This result will be strengthened and generalized in [29].
We mention now the following quite natural “topological” conjecture:

CONJECTURE 11. Assume S is regular.

(1) For any X € Smg the sheaves ]H[fl (X) vanish for n <.
(2) For any X € Smg of relative dimension < d, the homology sheaves
HHA](X) vanish for n>2d, and in fact for n>d if X is affine over S.

8As opposed to Suslin-Voevodsky singular homology sheaves H(X).
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The part (1) of the Conjecture is in fact already implied by Conjecture 2.

The part (2) of the conjecture for all the powers G¢ of the multipli-
cative group over our field k, will be shown in [30] to imply Beilinson—
Soulé’s vanishing conjecture for all fields extension of k. More generally,
that conjecture implies the analogous vanishing for (rational) Suslin singu-
lar homology groups.

Our A'-connectivity results should be thus considered as analogues of
the vanishing

n,f(X+)=0 if n<0

of negative stable homotopy groups of C.W.-complexes. The first type
of such a vanishing result is due to Voevodsky [41]. In [29] we will be
concerned with the next step: the computation of each of the sheaves
78 (G =HE' ((G,,)"") which is the analogue of the computation

3 (=7

In that spirit Conjecture 11 should be thought of as the analogue of the
fact that the singular homology groups H,(X;Z) of a differentiable mani-
fold of dimension d vanish for n>d.

The strictly Al-invariant sheaves will play a central role in our compu-
tations, and the study of their basic structures and properties seems to us
to be one of the fundamental problems of the subject; this paper and it
sequels [29,30] could be considered as a first small attempt towards the
dream of realizing Serre’s program [36] in the motivic homotopy theory,
which also predicts among other things:

CONIJECTURE 12. Assume S is regular of finite type over Z. For any inte-
ger neN, any X € Smg the n-th A'-homology group H,‘}l (X)(S) and the n-th
stable A'-homotopy group 71,‘}1 (X1)(S) are finite type abelian groups.

This conjecture seems rather unreachable up to now. We observe that
if moreover the stable A'-connectivity propertyholds over S, by the results
of this paper and the representability of algebraic K-theory [31], it implies
that Quillen’s K-groups are finite type for a regular S of finite type over Z.
It also implies the same results for those S for algebraic cobordism groups,’
and motivic cohomology groups.?

Conventions, notations. Everywhere in this paper, S will denote a sepa-
rated noetherian scheme of finite Krull dimension, Schg the category of

"Defined over any base using the Thom spectrum MG [41].
8For the ones defined over any base by M. Hopkins and the author by “killing” the

positive elements of the Lazard in the algebraic cobordism spectrum.
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separated S-schemes, and Smg C Schs the full subcategory consisting of
finite type smooth S-schemes. We will simply denote by Smg the category
Smg when no confusion can arise.

We will let Shv(Smy) (resp. Shv,(Sms), Ab(Smg)) denote the category
of sheaves of sets (resp. of pointed sets, of abelian groups) on Smyg in
the Nisnevich topology [27,31,32]. For any X € Smg the presheaf Y —
Homg, (Y, X) is a sheaf of sets in the Nisnevich topology, which we call
the sheaf represented by X and which we still denote by the letter X. The
induced functor

Smg— Shv(Smg), XX

is a fully faithful embedding.

By a point x on Smg, we shall mean a point x € X € Smg. Such a point
defines a fiber functor p,: Shv(Smg) — Sets, F + F, :=colimy_ xF(V),
where the V — X run over the category of Nisnevich neighborhoods of x,
that are étale morphisms f:V — X such that f~!'(x) has only one element
with the same residue field of x.

2. Recollection on Simplicial Homotopy Theory

In this section, for the comfort of the reader, we give a brief review of basic
notions concerning simplicial sheaves, sheaves of S'-spectra and the corre-
sponding homotopical algebra.

2.1. SIMPLICIAL SHEAVES

We will assume the reader is familiar with the notion of simplicial objects
in a category; see for instance [15,24]. We will also assume the reader is
familiar with some of the basic notions of simplicial homotopy theory. We
will nevertheless provide a short recollection.

We let S denote the category of simplicial sets, by A°”Shv(Smg) that
of simplicial sheaves of sets (on Smg in the Nisnevich topology) and by
A°PShv,(Smg) that of pointed objects in A°’ Shv(Smg), which will be called
pointed simplicial sheaves of sets.

For instance, given any set E we still denote by E the sheaf associ-
ated to the presheaf U +— E which we call the constant sheaf associated
to E. Given any simplicial set K, the associated simplicial sheaf of sets
on Smg is still denoted by K. We thus get a fully faithful embedding
S— A?Shv(Smg), K+— K (if S is assumed to be integral). We observe that
this functor commutes to arbitrary small colimits.

For each neN, we denote by A" €S the standard simplicial n-simplex.
For instance the 0-simplex A’ is also denoted by % and called “the” point
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as it is the final object in S. We let S' denote the quotient in S of A! by
its boundary dA! C A!, i.e. the disjoint union of its two O-simplices.

Given two pointed simplicial sheaves X and ), we will denote by X' v
Y=Xx{x}U{x} x Y the wedge of X and ). The wedge is naturally
embedded into the product X x ) and the quotient pointed simplicial sheaf
of sets (X x V)/(X Vv ) is called the smash-product of X and ) and is
denoted by X A ).

For a fixed Y € A’ Shv(Smyg), the functor A%’ Shv(Smg) — A% Shv(Smy),
X+ X x )Y admits a right adjoint Z+ Hom(), Z) and if moreover Y
is pointed then the functor A% Shv,(Smg) — A°?Shv,(Smg), X = X AY
admits a right adjoint denoted by Z+— Hom, (), Z). The pointed simpli-
cial sheaf of sets Hom, (), Z) is just the fiber over the base point of Z of
the evaluation at the base point (of ) morphism Hom(Y, Z) — Z.

The cone of X is the pointed simplicial sheaf C(X):=X AA!, where A!
is pointed by its O-vertex d':%= A% — A!. The other 0-vertex d°:% — A!
induces a monomorphism X — C(X). The quotient C(X)/X is isomorphic
to the smash-product X A S! which is called the suspension of X and is
denoted by X (X). The suspension functor admits as right adjoint the sim-
plicial loops space functor

Q' AP Shv.(Smg) — AP Shv (Sms), Z+> QY(Z):=Hom(S', 2)

For f:X — Y a morphism of pointed simplicial sheaves we let C(f)
denote the amalgamate sum in Shv,(Smg) of the diagram:

X — C(X)
¥
y

and call it the cone of f. For instance the cone of the morphism X — x is
by definition the suspension of X.
For any X € A’ Shv(Smg) the equalizer of the diagram in Shv(Smy):

X2 X

is denoted by 7o (X). It is the sheaf associated to the presheaf U — o (X (U)).

If we assume moreover that X € A°?Shv,(Smg), then for any integer
n>1, we shall denote by m,(X) the sheaf of groups (abelian groups if
n > 2) associated to the presheaf U+ 7, (X (U)). For an integer n € N we
say that X is n-connected if and only if 7;(X) is the trivial sheaf for all
ie{0,...,n}

Let x be a point of Smg and let p,: Shv(Smg) — Sets, F — F, denote its
associated fiber functor. This functor extends to a functor

Pe: APShv(Smg) —> S, X X
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If X is a pointed simplicial sheaf, then clearly one has a canonical isomor-
phism of groups m,(X), =, (Xy).

DEFINITION 2.1.1. A morphism of simplicial sheaves f: X — ) is called
a weak equivalence if and only if for any point x of the site Smg the fiber

fei X — Vs

is a weak equivalence of simplicial sets (in the sense of [34]).

The homotopy category of simplicial sheaves on Smg is the category
denoted by H,(Smgs) and obtained from A° Shv(Smg) by inverting the
weak equivalences.

We may define the notion of weak equivalence between pointed simpli-
cial sheaves to be a morphism f: X — ) in A°’Shv,(Smg) whose under-
lying morphism of simplicial sheaves is a weak equivalence. The pointed
homotopy category of pointed simplicial sheaves of sets on Smg is then
the category denoted by H;.(Smg) and obtained from A% Shv,(Smg) by
inverting the weak equivalences.

Remark 2.1.2. In [21], Jardine showed that there is a natural simplicial
model category structure on both A°”Shv(Smyg) and A°’Shv,(Smgs) whose
respective homotopy categories are H,(Sms) and H; .(Sms). See Appendix A
for a quick recollection on simplicial model category structures.

2.2. S'-SPECTRA
DEFINITION 2.2.1. An S'-spectrum E in Smg is a collection

{Ena Opn }neN

consisting, for each integer n > 0, of a pointed simplicial sheaf E, and
a morphism o,:X(E,) = E, A S' — E,;; of pointed simplicial sheaves.
Morphisms of S!-spectra are collections of morphisms of pointed simplicial
sheaves which satisfy the obvious conditions. The category of S!'-spectra in
Smy is denoted by SpS' (Smy).

EXAMPLE 2.2.2. For any pointed simplicial sheaf X, it suspension spec-
trum X*°(X) has n-th term X A S" (where §":=S'A---AS!) and identities
as structure morphisms. This defines the suspension functor:

2% Shve (Sms) — SpS' (Smy)

When X :=x is the point, we simply set S:=X>(x,) and call it the sphere
Sl-spectrum, or simply the sphere spectrum.
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Very often, when no confusion can arise, we will simply denote by (X))
the suspension spectrum of a pointed simplicial sheaf X.

EXAMPLE 2.2.3. Let E be an S'-spectrum and X be a pointed simplicial
sheaf. One defines the smash-product E A (X) as the S!-spectrum whose
n-th term is E, AX and with the obvious structure morphisms. This func-
tor induces a functor

SpS' (Sms) x A% Shv.(Sms) — SpS (Sms), (E,X)r E A(X)

Observe the formula S° A (X) = (X). For a given X, the above functor
admits a right adjoint denoted by F+ Hom (X, F), given in degree n by
the pointed internal function object Hom (X, F,).

EXAMPLE 2.2.4. The definition of S!-spectra in Smy clearly follows the
classical notion of S!'-spectra [I,6]: such an S!-spectrum E is a collection
{E,,0,}nen consisting, for each integer n >0, of a pointed simplicial set
E, and a morphism o,: X (E,)=E, AS'— E,,1 of pointed simplicial sets.
Thus, taking the associated (constant) sheaf defines a functor

— SpS' (Sms), Ev> E

from the category of S'-spectra to that of S'-spectra in Sm.

We observe that for any S'-spectrum E in Smg and any X € Smyg,
the sections on X, E(X), form an S!-spectrum in. We can thus consider
Sl-spectra in Shv(Smg) as sheaves on Smg of S!-spectra.

In much the same way, given any point x of Smg, the fiber E,
of an S'-spectrum E at x is an S'-spectrum in. The fiber functor
Py A’ Shv(Sms) — S thus extends to a functor px:Spsl(SmS)—>.

DEFINITION 2.2.5. For any S'-spectrum E, and any n € Z, the sheaf
associated to the presheaf
X+, (E(X))
is denoted m,(E) and is called the n-th homotopy sheaf of E.
Clearly, for any point x of Smg, the fiber n,(E), at x of 7, (E) is canon-
ically isomorphic to the n-homotopy group of the S'-spectrum E,.

The n-th homotopy sheaf of E can also be identified to the colimit in
the category Ab(Smy) of sheaves of abelian groups (for r large enough)

7, (E) = colimy oy ir (E,)

of the diagram whose morphisms 7, ., (E,) = 7,+,+1(E,+1) are induced in
the obvious way by the structure morphisms o,: E, AS' — E, ;.
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DEFINITION 2.2.6. A morphism of S!-spectra f: E — F is called a stable
weak equivalence if it induces an isomorphism of sheaves

T (E) = 71, (F)

for all integer n €Z.

As a consequence of our previous comments, a morphism f:E — F of
S'-spectra is a stable weak equivalence if and only if for any point x of
Smy, the fiber at x

feiEy— F,

is a stable weak equivalence in.
An S'-spectrum E whose homotopy groups are all zero is called trivial.
This means that the morphism E — % is a stable weak equivalence.

2.3. STABLE HOMOTOPY THEORY OF S!-SPECTRA

DEFINITION 2.3.1. The stable homotopy category of S'-spectra on Smg
is the category denoted by SHS'(Sms) and obtained from SpS' (Smg) by
inverting the stable weak equivalences. Given S'-spectra E and F the set of
morphisms in S’HSSI(SmS) between E and F is simply denoted by [E, F].

Remark 2.3.2. The functor — Sp5 (Smy) (see 2.2.4) clearly maps stable
weak equivalences in the usual sense to stable weak equivalences, so that it
induces a functor

SH— SHS (Sms)

where SH denotes the usual stable homotopy category of [6]. This follows
from the obvious fact that the homotopy sheaves associated to E € are the
constant sheaves associated to the homotopy groups of E.

By the very definition, for any point x of Smg, the fiber functor at x
induces a functor

Dx: S?‘Lfl (Smg)—>SH,E— E,

A brief recollection on the homotopical algebra of spectra [6,22]. One
can describe these stable homotopy categories using the “homotopical alge-
bra”of Quillen; see [34] and also Appendix A for a more detailed account.
There is a closed simplicial model category structure on SpSI(SmS) whose
associated homotopy category is «SHfl (Smg). This is proven in [22]. We will
only sketch here the concrete consequences concerning the computations in
SHS' (Sms).
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Given S!-spectra E and F, a homotopy between two morphisms f,
¢:E — F is a morphism of S'-spectra H:E A (Al) — F such that H o
(Idg A(dL))=f and Ho(Idg A (dY))=g. We denote by w(E, F) the quo-
tient of Homg s s, (E, F) by the equivalence relation generated by ho-
motopies. This is called the set of homotopy classes of morphisms from
E to F. We observe that the projection E A (A}r) — E is a stable weak
equivalence and thus homotopic morphisms induce the same morphism in
S'Hfl(SmS), so that we get a canonical induced map

n(E, F)—[E, F]

A homotopy equivalence f:E — F is a morphism for which there is a mor-
phism g: F — E such that fog is homotopic to Idr and go f is homotopic
to IdE

A morphism i:A — B of S'-spectra is called a cofibration if for each
n >0 the morphism of pointed simplicial sheaves A, L, st (B,—1 ASH —
B, is a monomorphism of simplicial sheaves, and call i a trivial cofibration
if moreover it is a stable weak equivalence. A cofibrant S!-spectrum E is
an S'-spectrum for which the canonical morphism from the trivial S!-spec-
trum *:=X°(x) to E is a cofibration. This exactly means that the struc-
ture morphisms o, are all monomorphisms of pointed simplicial sheaves.
For instance, any suspension spectrum (X) of a pointed simplicial sheaf is
cofibrant.

A morphism f:E — B of S'-spectra is called a fibration if and only if
it has the right lifting property’ with respect to any trivial cofibration. An
Sl-spectrum E is called fibrant if the morphism E — x is a fibration, i.e.
if for any trivial cofibration i: A— B and any morphism f:A — E there is
a morphism g: B — E such that goi = f. A trivial fibration is a fibration
f:E— B which is also a stable weak equivalence. We observe that a trivial
cofibration F; — F, between fibrant S!-spectra has to be a simplicial ho-
motopy equivalence and that a trivial fibration between cofibrant S'-spec-
tra is a homotopy equivalence (use [34]).

The technics from [22] can be easily adapted from presheaves to sheaves
to yield:

LEMMA 2.3.3 ([22]). There exist functors Sps1 (Smg) — SpS1 (Smgs), E—~ E,
and Spsl(SmS)—> SpSI(SmS), F ' F¢ as well as natural transformations (in
E and F)

E.— FE
and

°See Definition A.1.1.
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such that for any E, the spectrum E. is cofibrant and the morphism E.— E
is a trivial fibration and such that for any F, the S'-spectrum F; is fibrant
and the morphism F — Fy is a trivial cofibration.

We shall call functors and a natural transformations as in the previ-
ous Lemma a functorial cofibrant resolution and functorial fibrant resolution
respectively. We will always assume that such functorial (co-)fibrant resolu-
tions have been chosen in the sequel.

We can then state Quillen’s principle of homotopical algebra (see [34]
and Appendix A) in the category of S'-spectra over Smy:

LEMMA 2.3.4 ([34]). Given a cofibrant S'-spectrum E and a fibrant
Sl-spectrum F the map

n(E, F)—[E, F]

is a bijection.

Given any pair (E, F) of S'-spectra we can now “compute” the set
[E, F] of morphisms in SHfl(SmS) as follows. Since the cofibrant resolu-
tion E.— E is a stable weak equivalence, the induced map [E, F]— [E., F]
is a bijection. In the same way, the map [E., F]— [E., F¢] i1s also a bijec-
tion. But now by the previous lemma

T[(EC, Ff);[EC’ Ff]

This is the principle of the homotopical algebra of Quillen [34]: to compute
[E, F] replace E by some cofibrant resolution, replace F by a fibrant res-
olution and compute the set of homotopy classes between the resolutions.

Remark 2.3.5. The technics of [22] give a model category structure on
SpS' (Smg) (see Appendix A for that notion), but we won’t use it in the
sequel. The fibrations are not easy to describe (see [6] for instance or [22]).
Call a local fibration a morphism whose fibers at each point of Smg are
fibrations in the sense of [6]. Any fibration is a local fibration but the con-
verse is not true; there are local fibrations which are not fibrations. At least
we can “describe” fibrant S'-spectra, i.e. those E for which the morphism
E — x is a fibration.

Call a morphism X — Y of simplicial sheaves a trivial cofibration if it is
both a monomorphism and a weak equivalence. Call a simplicial sheaf IC
fibrant if for any trivial cofibration A — B, any morphism A4 — K can be
extended to B. One then has the following:
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LEMMA 2.3.6. An S'-spectrum E is fibrant if and only if for each n>0 the
pointed simplicial sheaf E, is fibrant and the adjoint morphism to o,:

Gp: En— Q' (Epp1)=Hom,(S', Eny1)
is a weak equivalence of pointed simplicial sheaves.

Remark 2.3.7. On can also construct the derived category D(Ab(Smys))
using exactly the same procedure. The principle of homotopical algebra
then becomes the principle of “homological algebra”, and indeed the fi-
brant resolution for bounded above complexes correspond to injective res-
olutions in the usual sense.

The functor

SpS' (Sms) x A Shve(Sms) — Sp® (Sms), E+> E A (X)

preserves stable weak equivalences: this follows easily from the correspond-
ing fact in (see [6]) as well as Lemma 2.2.5. We thus get a functor

SHS (Sms) x Hy.o(Sms) — SHE (Smy), (E, X) > E A (X)

Here is an application of the homotopical algebra.

LEMMA 2.3.8. Let X be a pointed simplicial sheaf. Then the functor
SHS (Sms) — SHS (Sms), Ev> EAX

admits as right adjoint the right derived functor'® of the functor F
Hom (X, F) which we denote RHom (X,—), and which maps an S'-spec-
trum F to:

RHom (X, F):=Hom, (X, Fy)

In the sequel, when no confusion can arise, we shall simply write F®)

instead of RHom (X, F).

Proof. We observe that for any S!'-spectrum E and any S'-spectrum F
we have by adjunction a natural bijection (in E and F)
T(EAX,F)=n(E, Hom (X, F))

If E is assumed cofibrant and F fibrant, then E A X is also cofibrant and
Hom (X, F) is fibrant (easily checked). But then the left hand side can

0Tn the sense of Quillen [34].
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be identified to [E A X, F] and the right hand side to [E, Hom (X, F)].
This proves that if f: F — F’ is a stable weak equivalence between fi-
brant S'-spectra, then Hom, (X, F) — Hom, (X, F') is an isomorphism in
SHSSI(Sm s), which is thus a weak equivalence. So that F+— Hom (X, Fy)
indeed induces a functor RHom (X, —) :SHfl(SmS)%SHfl(SmS) which is
clearly right adjoint to SH5' (Smg) — SHS' (Sms), E+> E AX by the previ-
ous computation. O

3. The Standard t-Structure for S'-Spectra

3.1. SUSPENSION AND THE TRIANGULATED STRUCTURE

Our aim is to outline a proof of the following:

PROPOSITION 3.1.1. The stable homotopy category SHfl(SmS) of

Sl-spectra in Sms admits a canonical structure of triangulated category in
which:

(1) the shift functor E > E[1] is the functor induced by the smash-product
by S', Er> EA(SY);

(2) an exact triangle is isomorphic to a triangle of the form

ELFocn— E[

where for a morphism of S'-spectra f:E — F the spectrum C(f) denotes
the cone of f, i.e., the n-th term C(f), is precisely the cone of the mor-
phism f,: E, — F, of pointed simplicial sheaves.

(3) As a triangulated category, S’Hfl(SmS) is generated by the objects (U,),
U e Smg: this means that a S'-spectrum E is trivial if and only if for
each integer n€Z and any U € Smg, [(Uy)[n], E]1=0;

(4) The objects (Uy), U € Smg are “small” in the sense that for any
right filtering small category T and any functor E,.T — SpS](SmS), the
canonical homomorphism

colim;ez[(Us), Ei]— [(Uy), colimzE.]

is an isomorphism.
We first prove:

LEMMA 3.1.2. The suspension functor
SHS (Sms)— SHS (Smg), E+> E A (S")
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and its right adjoint
SHS (Smg) — SHS (Smg), E+> ES)

are equivalences of categories, inverse to each other.
Proof. Indeed, it suffices to prove that for E € Sp® l (Smg) the two natural
morphisms (coming from the adjunction)

E—>(EASHS) and ECOAS'SE

are isomorphisms. We may assume that E is fibrant and the statement fol-
lows by the corresponding well-known statement in SH, by Lemma 2.3.6
and by the obvious fact that for any point x of Smg

(EC) = ()"
which is easy to check. O

For any integer n € Z we will denote by E +— El[n], SHfl(SmS) —
SHfl(SmS) the equivalence of categories E > E A ((S1)"") for n>0 and the
functor E s ESY"™ for n<0.

Remark 3.1.3. For U € Smg and n >0, one can find a nice S'-spectrum
which is isomorphic to (Uy)[—n]; just take as i-term the point * for i <n
and (U;) A (SH"N™" for i >n, with the obvious structure morphisms.

LEMMA 3.1.4. For any S'-spectrum E, and any n€Z, the sheaf associated
to the presheaf

X = [(X)[n], E]

is canonically isomorphic to m,(E).

Proof. One may easily reduce to the case n =0 and E fibrant. Then
as (X,) is a cofibrant S'-spectrum one gets that [(X,)[n], E]=n((X4), E)
which is easily seen to be the same as the set wo(Eo(X)). One then con-
cludes using the well-known fact that for any simplicial sheaf ), the sheaf
mo()) is the one associated to the presheaf X — mo(Y(X)). O

We then show that the category SHfl(SmS) is additive. This follows
indeed from the previous lemma. Let H, denote the homotopy category of
pointed simplicial sets. We know that the pointed simplicial circle S'eH,
has a canonical co-group structure S' — S!' v S! (corresponding to the
fact that the set of morphisms from S' to K in H, is in one-to-one
correspondence with the fundamental group of K). But then the functor
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SHSSI(SmS) X He —> SHfl(SmS), (E,K)— E A K induces a canonical co-
group structure in S?—lf1 (Smg) on E AS! for each E, given by the morphism

EASH—>EAS'VSHZ(EASH) VIEASH)

By Lemma 3.1.2, we can “cancel” §' and we thus get a canonical group
structure on any E, which gives the additivity. One can then deduce that
finite sums in SHS' (Sms) are also finite products in SHS' (Smg). But in fact
one could have proven directly that for two S'-spectra E and F the mor-
phism of the wedge E Vv F to the categorical product E x F is an isomor-
phism because it is so in SH and using the formulas for any point x of
(Sms, T)

E.VF,Z(EVF), and (ExF),=E,xF,

Now the fact that the category S'Hfl(SmS) gets a canonical triangulated
category structure as in the proposition is “classical”. We just mention the
proof of:

LEMMA 3.1.5. Given any morphism f:E — F of S'-spectra and an S'-spec-
trum G, the cofibration sequence

o> E—F— Cone(f)— EAS'=E[l]— F[1]— ...
induces long exact sequences of abelian groups

< [E, Gl < [F,G] < [C(f), G] < [E, G[-1]] «-...
and

...~ [G,E]=|[G, F]I=[G,C(NH]—= G, [1]]— ...
In particular, one has a long exact sequence of homotopy sheaves

o= M (E) = 7y (F) = 0 (C(f) = a1 (E) — ...

Proof. The first long exact sequence is the long homotopy exact sequence
of the cofibration sequence as defined by Quillen [34]. The second long
exact sequence is an easy consequence of the first one, once one knows that
Z +— Z[1] is an equivalence of category. One then deduces the third long exact
sequence using Lemma 3.1.4. O

The fact that the (U,)’s do generate the triangulated category SH?S '(Smy)
ecasily follows from Lemma 3.1.4.
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It only remains to show that for any U € Smg the suspension spectrum
(Uy) is compact. It is not hard to check first that the sets of homotopy clas-
ses w((Uy), —) have the required property that the map

colimiezm((Uy), E;) > n((Uy), colimz E,)

is a bijection, for any right filtering small category Z and any functor
Eo:T— SpS' (Smy).

By Lemma 2.3.3 one can pick up a functorial fibrant resolution and
thus the natural transformation E, — (E,); of functors 7 — SpSl(Smg)
is termwise a stable weak equivalence and moreover for each i € 7 the
S!-spectrum (E;) is fibrant. Thus there is a canonical bijection

colimicz[(Uy), E;]=colim;ezw ((Uy), (E) f)

Thus if we set F:=colimz(E,)y), it is sufficient to show that the obvious
map

r((Uy), F)—[(Uy), F]

is bijective.

Unfortunately, in general, the S'-spectrum F =colimz(E,); will not be
fibrant, though each of the (E;); is. And we can’t apply the principle of
homotopical algebra.

We will instead use a technic invented by Brown and Gersten [7] in the
Zariski topology and adapted to the Nisnevich topology in [31]:

DEFINITION 3.1.6 ([31]). (1) A distinguished square

W—>V

\ \
U—->X

in Smg is a commutative square in which f:V — X is étale, U — X is
an open immersion, f~(U)=W and f~'(X = U)req) = (X —U)yeq is
an isomorphism of schemes. Observe that the morphisms U — X and
V — X form a Nisnevich covering of X. And, moreover, the Nisnevich
topology is generated by the coverings of this form [31, Proposition 1.4
p- 96].

(2) An S'-spectrum E is a B.G.-S!-spectrum if for any distinguished square

W-—->YV

Vool
U—->X
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the square of § 1—spectra

EW) <~ E(V)

1 1
EU) < E(X)

is homotopy cartesian.!!

For instance any fibrant S!-spectrum is a B.G.-S'-spectrum, any left fil-
tering colimit of B.G.-S'-spectra is a B.G.-S'-spectrum as well.

Now one can easily deduce from [31] the following lemma which finishes
the proof of Proposition 3.1.1 because the above spectrum F is also a B.G.-
S'-spectrum:

LEMMA 3.1.7. For any B.G.-S'-spectrum E, any U € Sms the canonical
map

n((Uy), E) = [(Uy), E]

is bijective.
Proof. Indeed the technique of [31] establishes that for any U € Smg the
canonical morphism

EWU)— EsU)

is a stable weak equivalence. But then 7 ((U}), E)=mo(E(U)) = mo(E ;(U))=
r((Uy), Ef)=[(Uy), Ef]=[(U4), E] is a bijection. O

Remark 3.1.8. This can be generalized to presheaves of S'-spectra (on
Smy). Let E: (Smg)°? —, U E(U) be such a presheaf. One says it has the
B.G. property if it satisfies the obvious analogue of Definition 3.1.6. Then
the technics from [31] indeed yield the statement that for any U € Smg the
canonical morphism

EWU)—a(E)sU)

is a stable weak equivalence, where a(E) denotes the associated sheaf of
S!-spectra.

10r homotopy cocartesian because these notions coincide for spectra.
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3.2. EILENBERG-MACIANE SPECTRA AND THE POSTNIKOV TOWER

Recall from [31, p. 57] that for any simplicial sheaf X is functorialy defined
a tower of epimorphisms

l
P (X)
¢ S
Pnfl(X)
¢

{(P"(X)}p>1=

P-l(X)

such that for each point x the fiber at x of that tower is exactly the tower
of the simplicial set X, as constructed in [24, p. 32].

If X is pointed then P~!(X)=x is the point but in general P~'(X) is
the subsheaf of the point * with fiber at x the empty set if X, =@ and the
point if X, ##; this sheaf P~!(X) should be rather denoted m_;(X).

When X is locally fibrant, i.e. its fibers are Kan simplicial sets, each of
the morphism of this tower is a local fibration and this tower is called the
Postnikov tower of X'. This is the case for instance when X is a fibrant sim-
plicial sheaf.

LEMMA 3.2.1. For any pointed simplicial sheaf X, any natural number
n>=1, the canonical morphism

X = QY P ASY)
factors through X — P"(X) and thus induces a morphism

P'(X) = QUP"I(X ASY))

Proof. This follows formally from the fact that P"(X) Ccosk,(X) is the
image of X, where cosk, is the right adjoint to the n-th skeleton functor
sk, as well as the following easy fact:

skn1 (X x A1) = (sky (X) x AD [ (sku11(X) x skoA")
which clearly implies the formula:

skni1((X) A ST =5k, (X)) A S!
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DEFINITION 3.2.2. (1) Let E be an S'-spectrum in Smg. For any integer
neZ we let

P*(E)

denote the S'-spectrum whose r-th term P"(E), is the point x if n+r <

—1 and is the pointed simplicial sheaf P"*"(E,) if n+r >0, and whose

structure morphisms are induced by those of E and the Lemma above.
(2) For any S'-spectrum E we let

{Egn}neZ

denote the tower of S'-spectra in Smy, indexed by the integers, whose
n-term is E¢,:= P"(Es). We call this tower the Postnikov tower of E.
For each neZ we will also denote by E>, the (homotopy) fiber of the
morphism E; — E¢,_1. We thus have for each n €Z an exact triangle
in SHS' (Smyg) of the form:

E;n — FE— Egn_l — E}n[l]

We observe that for a fibrant S'-spectrum E the canonical morphism
P"(E)— E<,=P"(Ey)

is a stable weak equivalence. Also, it is clear by construction that
mi(E<,) =0 for i >n and that the obvious morphism

E—)Egn

induces an isomorphism 7;(E) = m;(Eg,) for i <n. Thus the homotopy
fiber K,(E) of the morphism E¢, - E<,_; is an Sl-spectrum with the

property:

)0 if i£n
m(K”(E))_{JT,,(E) ifi=n

For an abelian sheaf M € Ab(Smg) and an integer n recall that the
pointed simplicial sheaf K(M,n) (see [31, page 56] for instance) has only
one non-trivial homotopy sheaf which is the n-th and is canonically iso-
morphic to M. This is called the FEilenberg—MacLane space of type (M, n).
Using the Alexander—Whitney transformation (see [24]) one gets mor-
phisms of pointed simplicial sheaves

KM, n)AS'—> KM, n+1)
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which turn the collection of K(M,n)’s into an S!-spectrum, which we
denote by

H(M)

Proposition 1.26 of [31] readily implies that this S'-spectrum has the fol-
lowing property:

LEMMA 3.2.3. For any U € Smg, any integer n € Z and any M € Ab(Smy),
then the canonical morphism.

Hy,; (U; M) — [(Uy), H(M)[n]]
is an isomorphism. In particular, of course,

maom =1y, 1

EXAMPLE 3.24. If M is an abelian group, then the cohomology with
coefficients in the associated constant sheaf is trivial. For any X € Smyg,
M(X) is the group of locally constant maps from X to M.

Thus [(X;)[n], HM[m]] =0 unless n =m and then [(X;)[n], HM[n]] =
M(X).

Using Proposition 1.33 of [31], and what we have recalled, one gets:

LEMMA 3.2.5. Let E be an S'-spectrum whose homollopy sheaves m;(E) are
zero for i #0. Then the canonical morphism (in SHS (Smg))

E— H(m(E))
is an isomorphism.

As an immediate consequence we get:

COROLLARY 3.2.6. Let E be an S'-spectrum and n € Z any integer. Then
there is a canonical exact triangle in SHfl(SmS) of the form

H (. (E))[n] = E<y — E<y1 — H(m,(E))[n +1]
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3.3. THE STANDARD ¢-STRUCTURE AND ITS HEART

DEFINITION 3.3.1. We let SH§1(Sm5)>0 denote the full subcategory of
SHSSI(Sm s) consisting of (—1)-connected (or connective) S'-spectra, i.e. S'-
spectra E with the property that m;(E)=0 for all i <0.

We let SHS' (Sms)<o denote the full subcategory of SHS' (Smy) consist-
ing of S'-spectra F with the property that 7;(F)=0 for all i > 0.

PROPOSITION 3.3.2. The pair (SHS' (Sms)so, SHS (Sms)<o) defines a
t-structure [5] on S'Hfl(SmS). It is non-degenerate in the sense that:

(1) NWSH (Sms)z0=1{0)
(2) NSHY (Sms)<o =10}

For any E ESHSSI(SmS), the exact triangle of Definition 3.2.2:
E}n — FE — Egn_l — E>n[1]

is exactly the one induced by the t-structure [5].
Moreover the morphisms:

hocolim,E>, - E and E — holim,E,

are both isomorphisms in SHSSI(SmS).

This t-structure on SHSSl(SmS) is called the standard t-structure on
SHS' (Smy).

The functor nO:SHfI(SmS) — Ab(Smg), E > mo(E) induces an equiva-
lence of abelian categories between the heart'? of the standard t-structure
and the category of abelian sheaves on Smg, whose inverse is the functor
H:Ab(Smg) — SHS' (Smg), M — H(M).

This proposition follows rather clearly from what we have done so far
as well as the following two lemmas:

LEMMA 3.3.3. Let E be an S'-spectrum, n € Z and U € Smg of Krull
dimension d. Then for any i € Z the morphism

[((UPIi], E]= [(UPIi], E<al
is onto for n2i+d —1 and an isomorphism for n >i—+d.

Proof. This is clearly implied by Corollary 1.41 of [31]. |

LEMMA 3.34. Let E be an S'-spectrum on Sms. The following conditions
are then equivalent:

12j.e. the intersection SHfl(SmS)>0 mSHfl(Sms)g(), which is abelian [5].
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(i) EeSHS (Sms)<-1;
(ii) for any U € Smg and any n <0 the group [(U)[n], E] vanishes.
The following conditions are also equivalent:
(i) E is (—1)-connected;
(ii) E is isomorphic in SHfl(SmS) to the telescope of a diagram:
«=E'—> ... > E"—> ...
with E" the cone of a morphism of spectra
Va((Xo)-)lng —1]— E"!

where the o’s run in some set I,, with X, € Smg and ny, > 0.

Proof. This easily follows from the fact that S?—{SS1 (Smy) is generated (as
a triangulated category) by the (U,)’s 3.1.1, Proposition 3.1.1 4) and from
Lemma 3.1.4. O

Remark 3.3.5. Using the previous results one easily sees that, when the
base S is irreducible, the functor SH — SHfl(Sm s) of 2.3.2 is a fully faith-
ful embedding and preserves the standard z-structures. Indeed, by Example
3.2.4, [S°[n], HM[m]]=0 unless n=m and then [S°[n], HM[n]]=M for con-
stant abelian sheaf M. Then one concludes using Postnikov tower on the
target and skeletal filtration on the source for classical spectra.

4. Stable A'-Homotopy Theory of S'-Spectra
4.1. A'-LOCAL S'-SPECTRA AND STABLE A'-WEAK EQUIVALENCES

Recall that for a simplicial sheaf X', X, denotes the pointed simplicial
sheaf obtained from X" by adding a disjoint base point.

DEFINITION 4.1.1. (1) An S!-spectrum E € SpS' (Smy) is called Al-local
if and only if for any F € SpS (Smy), the projection F A (Al) > F induces
an isomorphism of abelian groups:

[F. E]—[F A (A, E]
We shall denote by SH}S&I, _1oc(Sms) the full subcategory of SHSSI(Sm s) con-
sisting of Al-local S'-spectra.

(2) A morphism f:X — Y in Sp5 (Smy) is called a stable A'-weak equiv-
alence if and only if for any A'-local spectra E, the map:

[Y, E]—[X, E]

is an isomorphism.
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(3) The stable Al-homotopy category of S'-spectra is the one obtained
from SpSI(Sm s) by inverting the stable A'-weak equivalences and is
denoted by SHS, (Sms).

Observe that for any F e Sp5 (Sms) the morphism F A ALy > F is
a stable Al-weak equivalence by definition. Also any stable weak c?quiva-
lence is a stable Al-weak equivalence. Of course the category SHil(Sm s)

can also be considered as obtained from SHSSI(SmS) by inverting the sta-
ble A'-weak equivalences. Observe also that for a given pointed simplicial
sheaf X, the functor SHf'(SmS) —>SH§I(SmS), E+— E A(X) preserves sta-
ble Al-weak equivalences (use Lemma 2.3.8), and thus induces a functor
SH;?;](SmS) — SHf;l (Smg) still denoted by E +— E A (X). For instance the

shift functor on SHfl(SmS) induces a shift functor on SHf;l(SmS), denoted
by E+— E[1].

In the following lemma, we give several equivalent conditions for an
S'-spectrum to be A'-local. When needed, we always consider the affine
line A! as pointed by its 0-section.

LEMMA 4.1.2. Let E be a S'-spectrum. Then the following conditions are

equivalent:

(i) E is Al-local;

(ii) The obvious morphism E — E AY s a stable weak equivalence;
(iii) The functional object E AY s trivial;

(iv) For any U € Smg, any integer n € Z, the homomorphism

[(U[n], E]— [((U x AY p[n], E]

is an isomorphism;
(v) For any U € Smg, any integer n € Z, the “evaluation at 1” morphism

evi:[(Up)[n), E4V— [(U)n], E]

is the zero map.

Proof. The equivalence (i) < (ii) obvious in view of Lemma 2.3.8.
From the exact triangle
SO::*+—>AL—>A1
(in which S°— Al maps the non-base point to 0) we get an exact triangle
EW 5 E4Y S E

whif:h proves the equivalence (ii) < (iii)) because the evaluation at 0,
. . . . 1
E®) — E which appears is a left inverse to the morphism E — E®3),
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The equivalence (ii)<(iv) clearly follows from the fact that the spectra
(U,) generate the triangulated category SHfl(SmS) 3.1.1.
Using this we see that (iii) is equivalent to:

(ili): For any U € Smg, any integer n € N, the group [(Up)[n] A Al, E]
vanishes.

The implication (iii) = (v) is trivial (because the group [(U,)[n], EA"]
becomes trivial). Let’s prove the converse implication (v)=> (iii)’. Assume
(v) and fix U € Smg and n € Z. We want to show that any S’Hfl(SmS)-
morphism f: (U;)[n]AA! — E is trivial.

But for any morphism of S'-spectra

fiFAMAYSE

let f:FAA'— EA) be the adjoint of the composition

FAAL AAY S Al L E

where pu:A' AA' — Al denote (the morphism of sheaves induced by) the
product of the ringed object A'. Then the following diagram is commuta-
tive (in SpS' (Smy)):

Fasl L e
I | ev;
FAA' L E
This fact (applied with F =X (U, )[n] clearly implies the claim. O
Remark 4.1.3. Using the terminology of [31] we can also observe that a

fibrant S'-spectrum E is A'-local if and only if:
(vi): each term E, is an A!-local simplicial sheaf.

Lemma 3.1.7 clearly implies:

LEMMA 4.1.4. Let E be any B.G.-S'-spectrum. Then it is A'-local if and
only if it is Al-invariant in the sense that for any U € Smg the canonical mor-
phism E(U)— E(U x A" is a stable weak equivalence.

Moreover, in that case, for any U € Smg, any ne€Z the canonical map

T, (E(U)) = [(Up)[n], E]ar

is an isomorphism.

Remark 4.1.5. Together with V. Voevodsky, we studied in [31] the analo-
gous “unstable” notions in A% Shv(Smy). A simplicial sheaf X is Al-local
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if and only if any ) € A’ Shv(Smy), the projection ) x A - ) induces a
bijection:

Homyg,smg) (Y, X) — Homyy, (smg (Y x A, X)

thus defining the full subcategory Hyi(Smsy) C Hy(Smg) consisting of
Al-local simplicial sheaves. A morphism f: X — ) of simplicial sheaves is
an Al-weak equivalence if and only if for any A'-local Z the map

Home(Sms)(y, Z) - HOmHA_(SmS)(X, Z)

is bijective. The category obtained from H,(Smg) by formally inverting the
Al-weak equivalences is called the A'-homotopy category of Smyg.

We proved there that the inclusion Hgi(Smgq) C Hy(Smg) admits a left
adjoint

LY H (Smg) — Hp (Smg )

called the A!-localization functor. Its existence has the formal consequence
that the functor LY}’ induces an equivalence between that category and
Ha (Smsr). In the next section we do the same thing, in a slightly more
convenient way for us, for the stable homotopy category SHfI(SmS).

4.2. A'-LOCALIZATION
THEOREM 4.2.1. The inclusion

SHS\_, (Sms) CSHS (Smy)

—loc

admits a left adjoint

Ly SHS (Sms)— SHS,_, (Smy)

As a consequence, a morphism f in SH_fl(Sm s) is a stable A'-weak equiva-
lence if and only if Lyi(f) is an isomorphism (i.e. a stable weak equivalence
in SpS' (Smy) ).

Recall that SHf;l (Smy) is the category obtained from S?—(fl (Smyg) by for-
mally inverting stable A'-weak equivalences. For two S'-spectra E and F
we shall denote by

[E, Fla

the set of morphisms Hom )(E, F).

1
SHS, (Sms
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DEFINITION 4.2.2. Let E € SpS' (Sms) and neZ. We set
72 (E) =, (Lyi (E)) € Ab(Smy)
and call it the n-th A'-homotopy sheaf of E.

Of course, nﬁl(E) is also the associated sheaf to X+ [(X)[n], E]a.
It is quite formal to deduce the following corollary from the theorem.

COROLLARY 4.2.3.
(1) The functor Ly induces an equivalence of categories

Ly SHS (Smg)ZSHS,_, (Smy)

—loc

and the induced functor SHill(SmS) — SHSSI(SmS) is left adjoint to
SHS' (Sms) — SHS, (Sm).

(2) The category SHf;, (Smg) admits a unique triangulated category
structure  whose shif}t is E — E[l] anld which turnslthe functors

1 ~

SHSSI(SmS) — SH3 (Sms) and SH3,(Sms) = SH3, , (Sms) C
SHS (Sms) into exact functors. In particular the A'-localization functor
S'Hfl(SmS)—>8H§_ZOC(Sm5) preserves exact triangles.

(3) For two S'-spectra E and F, the group [E, Fly1 can be identified with

[Lar(E), Ly (F)]=[E, La (F)]

Proof of the Theorem. In this proof we always consider the affine line
A' as pointed by the zero section 0:S — A!'. For any E eSpS](SmS), let’s
denote by ev;: EA) — E the evaluation morphism at 1.

We first prove (1). Let E+— E; be a fixed functorial fibrant resolution.
For any endofunctor F: SpSI(SmS) — SpSl(SmS) we let F; be the functor
E— F(E)y.

Fix an S'-spectrum E. We define LV (E) as the cone of the obvious
morphism evle(fAl) — E;. Let E — L}”(E) be the obvious morphism.
Define by induction on n > 1, the functor L™ ::L(fl) oL(;H). We have nat-
ural morphisms L(f'.’_l)(E) — L(f'7)(E) and we let LW(E):TelneNLEf)(E) be
the colimit of this diagram.

We claim that the S'-spectrum L*(E) is A'-local and that the mor-
phism

E — L™®(E)
is a stable A'-weak equivalence, which proves the theorem.
To do so, use (i) < (iv) of Lemma 4.1.2 and Proposition 3.1.1. (4). This

is an analogue of the “small object argument” of Quillen [34] which uses
Proposition 3.1.1 (4).
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Moreover we observe that L;"_I)(E) — Lgf')(E) is always an Al-weak
equivalence, proving that so is £ — L*®(E). Indeed the fiber of this mor-
phism is stably weakly equivalent to (E f)A] by construction; but the mor-
phism (E,)* AA'— (E;)*" which is adjoint to the morphism (E ;)" —
(E;)*' A" (induced by the product u:A! x Al — Al) is left inverse to the
morphism (E )" — (E;)* AA! (induced by °— A'), proving that (E)*
is a direct factor of (Ef)Al A A! and thus that (Ef)Al — % is a stable Al-
weak equivalence. The morphism L(;l_l)(E) — L}")(E) is thus a stable A!-
weak equivalence as well.

The exactness of E— L*(E) is easy to check. O

LEMMA 4.2.4.

(1) A wedge of A'-local S'-spectra is still A'-local.

(2) The A'-localization of a wedge of S'-spectra is the wedge of the corre-
sponding A'-localizations.

Proof. (1) is clear by Proposition 3.1.1. (2) follows from the easy fact
that a direct sum of stable A'-weak equivalences is a stable Al-weak equiv-
alence (map it to an Al-local spectrum). O

Remark 4.2.5. The lemma implies that the A!-localization functor com-
mutes to countable telescopes as well. It is possible to deduce from that
fact a simplicial model category structure on SpSl(SmS) in which weak
equivalences are stable A'-weak equivalences and cofibrations are the same
as in the simplicial model structure.

Remark 4.2.6. As in Remark 3.1.8, Lemma 4.1.4 can be generalized to
presheaves of S'-spectra (on Smg). Let E: (Smg)®” —, U E(U) be such a
presheaf which has the B.G.-property and the Al-invariance property. Then
for any U € Smg the canonical morphism

EU) — Ly (a(E)(U)=[(Us), a(E)]a

is a stable weak equivalence, where a(E) denotes the associated sheaf of
Sl-spectra.

COROLLARY 4.2.7. The objects (Uy), U e Smyg are “small” in SHill(Smg)
in the sense that for any right filtering small category T and any functor
EyI— SpSI(SmS), the canonical homomorphism

colimiez[(Uy), Ei]ar — [(U3), colimz E,] a1

is an isomorphism.
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Proof. Proposition 3.1.1 (4) implies that
colim;ez[(Us), Ei]lar =[(Uy), colimz L1 (E,)]

It is clear that the S'-spectrum colimzL,i(E,) has the B.G.-property
and the Al-invariance property, thus it is Al-local by Lemma 4.1.4.
Now, filtering colimits of A'-weak equivalences are A'-weak equivalenc-
es by [31, Corollary 2.13 p. 73] and thus the morphism of S'-spectra
colimzE, — colimzLy (E,) is a stable Al-weak equivalence to an A!'-
local S!'-spectrum, it is thus an A'-localization. Thus [(U,), colimzEJ] =
[(Uy), colimz Ly (E,)], which finishes the proof. ]

We know describe our construction of the localization functor in a
slightly different way. Denote by C the quotient sheaf of pointed sets
Al/(Spec(k),) where the closed immersion Spec(k), — A! maps the base
point to 0 and Spec(k) to 1. We thus get an exact triangle of S'-spectra

$* = (Spec(k)) — (A1) = (€)= S"[1]
Set o :=(C)[—1] so that we have now an exact triangle of the form
(T) o—8"—> AH—o[l]

For any S!-spectrum E set E? :=(E©)[1]; one has an exact triangle of the
form:

EA) L E S E°

obtained by mapping (7) into E. Thus in fact, the S!-spectrum E° is
canonically isomorphic in SHSSI(Sm s) to L(fl)(E). Iterating this procedure,
for any integer m >0 we let " denote (C AA’")[—m] and we let E°™" denote
(E€")[m]. The map o — S° induces morphisms

E° — E°

Al(m—1) Am

and clearly E°™" is canonically isomorphic to L}’")(E) in such a way
L, (E) can be identified to the telescope of the diagram
E—>E°—...>E"" > ..

This description will be quite useful in the next section.

4.3. A VANISHING RESULT

LEMMA 4.3.1. ([41, 4.14]). Assume X € Smys has Krull dimension d. Let n e
7 and let E be an connective S'-spectrum. Then the group

[(X1), Lo (E)[n]]=[(X4), E[n]]a

vanishes for n>d.
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Proof. By the construction we gave above of the Al-localization functor
and Proposition 3.1.1 (4) the morphism

colimu[(X4), E° " [n]] = [(X4), L1 (E)[n]]

is an isomorphism. Thus it suffices to prove that for each m the group
[(X4), E°""[n]] vanishes. It is clear that for any S'-spectrum F, the group
[F, E°™"] is canonically isomorphic to [F A C""[—m], E]. Thus it suffices
to prove that the group [(Xy) A C™, E[n + m]] vanishes for n > d. Using
the Postnikov tower of E and the Lemma 3.3.3 we end up with proving
the vanishing of the groups [(X;) A C"", H(M)[n]] for n >d +m for any
M € Ab(Smg). This is proven in Lemma 4.3.2 below. O

LEMMA 4.3.2. Assume X € Smg is of Krull dimension d. Let ne€Z and let
E be a connective S'-spectrum. Then the group

[(X)AC™™, E[n]]
vanishes for n>d+m.
Proof. We prove by induction on m >0 that for any i e N the group
[(X) AC A AN, Eln]]

is trivial for n>d+m+i.

This is true for m =0 because X x A’ is of Krull dimension d + i,
because the Nisnevich cohomological dimension of a scheme is less or
equal to its Krull dimension, because the S'-spectrum (X,) A (ADN is a
direct factor of ((X x A’),) and because of Lemma 3.2.3.

Assume now the inductive hypothesis for m —1>0. Let i eN and n >
d+m+i. Using the triangle which defines C we get an exact sequence of
groups

[(X) ACH™ D AADHN E[n—1]]— [(X3) AC A (AN, E[n]]
= [(X ) ACN™ AAHNFD Eln]]

which easily implies the result by induction. O
COROLLARY 4.3.3. Assume S = Speck is the spectrum of a field and let

X € Smyg be a O-dimensional scheme. Let n <0 be an integer and let E be
a (—1)-connected S'-spectrum on Smg. Then the group

(X)), Lot (E)]=[(X4), E[n]la =72 (E)(X)
vanishes. For instance
[S°[n], Lar (S)]=[S°[n], S =72 ($2) (k) =0

The last equality is shown using the Postnikov tower of L,i(E).
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5. Base Change and Gluing
5.1. BASE CHANGE

Let f:8"— S be a morphism with S’ irreducible, separated, noetherian of
finite Krull dimension.

We denote by Smyg’ the category Smg of smooth finite type §’-schemes
and by

f i Smg— Smyg'

the obvious functor (X — S) — (X x5 §’). We endow Smg with the
Nisnevich topology so that for any sheaf F € Shv(Smg’) the composition
Fo f~!is a sheaf on Smgy. We denote by

fe: Shv(Smg') — Shv(Smyg)
the functor so obtained. It admits a left adjoint
F*: Shv(Smg) — Shv(Sms')

with the property that it maps the sheaf represented by X € Smg, to the
sheaf f*(X) represented by f~!(X) e Smg'. This pair of adjoint functors
extends to a pair of adjoint functors

£:8p’ (Sms')— Sp™ (Sms)
defined by the formula f,(E)(U):=E(f~'(U)) € for the right adjoint and
£r:5p% (Sms)— Sp® (Smy)

which maps EGSpSl(SmS) to the S'-spectrum f*(E) in Smg with n-term
f*(E,) and structure morphisms defined using the fact that f*(E,) AS'=
FE) A fY(SHZ f*(E, ASY): this follows trivially from the fact that f*
does commute to sums. We observe in particular the formula f*((Uy)) =
(f~Y(U);) for U e Smg.

Base change with respect to smooth morphism. Assume now that the
morphism f:S5 — S is smooth. We denote by f;: Smg"— Smg the composi-
tion by f. It is left adjoint to f~':Smg— Smg'. For any sheaf F on Smyg,
Fo fi is a sheaf on Smg'. The functor

Shv(Smg) — Shv(Sms'), F— Fo f,

clearly commutes to colimits and its value on the sheaf X, with X €
Smg, is the sheaf represented by f~!(X). Thus this functor Shv(Smg)—
Shv(Smg'), F+ F o fi is canonically isomorphic to

f*=:8hv(Smg) — Shv(Smy')
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This new “explicit formula” for f* shows that in that case f* commutes to
all limits, and thus admits a left adjoint

fz: Shv(Smg') — Shv(Smy)

Moreover, one easily checks the property that f4(X')= fi(X’) and deduces
the “projection” formula for any F € Shv(Smg') and any X € Smg

fa(F x f7H(X) = fa(F) x X
which follows, as in [31, Proposition 1.23, p. 104], from the case of the rep-
resentable sheaves.
LEMMA 5.1.1.
(1) The functor f*: SpSI(SmS) — SpSl(SmS/) admits a left adjoint denoted by
fu:5p® (Sms") — Sp® (Sms)

which satisfies the following projection formula for any F € SpS' (Smy')
and X € Smg

Fa(F AT X00) = fu(F) A (X4)

(2) For any E € SpSl(Sms), and any X € Smg, the obvious morphism of S'-
spectra

fH(Hom (X4, E))— Hom,(f ' (X), f*(E))
is an isomorphism.

Proof. (1) Follows at once from the projection formula for sheaves of
sets above. (2) is an immediate consequence, by adjunction. O

LEMMA 5.1.2. Let f:S" — S be an S-scheme which is a filtering limit of
a diagram {Sy}y of smooth S-schemes with affine transition morphisms [14,
8.2]. For each a denote by fy:S,— S the smooth structural morphisms. Then

(1) For any X € Smg and F € Shv(Smg) the map
colimg Hom gpy(smg,) ([ (X)), fo (F)) = Homgpysmg)(f*(X), f*(F))
is a bijection. In particular, the functor f*:Shv(Smg) — Shv(Smg') is
exact.

(2) For any pointed X € Smg and any E € SpSl(Sms), the morphism of S'-
spectra in Smg'
f*(Hom (X, E))— Hom,(f~(X), f*E)

is an isomorphism.



36 F. MOREL

Proof. We freely use the results in [14, 8.2]. 1) We know that there is a
set I and an equalizer sequence (in Shv(Smy)) of the form

ﬁ
U herrZij N Uie; Y > F

with the Z; ; and the Y; in Smg. As f* is a left adjoint we still have the
exact sequence (in Shv(Smy'))

H(lj)€12f Z[j HfY—)fF

Given ¢ € Homgpysmey(f*X, f*(F)), there exists a Nisnevich covering
{X;— X} (finitely many ¢’s) and morphisms ¢;: X, — Y;, lifting ¢. More-
over one can find for each ¢ a Nisnevich covering {X} ,,, — X, xx X¢} and
morphisms X, — Z;,;, satisfying an obvious descent condition.

By [14, 8. 2] there exists an « such that each ¢y: X, — Y;, is induced
by some ¢y : X¢.o — Yi.o and each morphism: Xj , W Zi is induced by
some: Xy, o = Zi,iy« (With obvious notations).

Moreover enlarging « if necessary, we may assume that {X;, — X,} is a
Nisnevich covering, {X . wa = Xea Xx, X o} is a Nisnevich covering, and
that the obvious descent condition is satisfied. As the sequence of sheaves
(on Sq)

l[,l@/

H(z])eﬂf le HfY-)fF

is exact we get a section ¢, € fF(f;(X)) which induces ¢. Surjectivity is
proven. The Injectivity is proven in very much the same way and the details
are left to the reader.

Let x € X € Smg’, and let « such that x is induced by x, € X, € Smg,.
Using the bijection just established, we see that given and F € Shv(Smg) we
have a bijection (with obvious notations)

colimp.q f5(F)x, = f*(F)x

which immediately implies that f* is exact. Part (1) is proven.

Part (2) follows from (1) and some easy computations involving Lemma
5.1.1. O

EXAMPLE 5.1.3. Let x€ X € Smg. We let S’ be the spectrum of the hensel-
ization (9’}( of the local ring Ox , and f:S"— S be the obvious morphism.
Denote by S, — S the system of Nisnevich nelghborhoods of x, that is to
say étale morphisms f,:S, — X such that £, !(x) has exactly one element
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with the same residue field as x. For any S'-spectrum E in Smg then its
fiber E, at x, that is to say the S' spectrum (in S) given by

E\:=colimg,_,sE(S,)
can be identified, using the previous lemma, with the S'-spectrum

FHENS)

5.2. DERIVED FUNCTORS OF BASE CHANGE

It follows from Lemma 5.1.2 that if f:S — S satisfies the assumptions of
the Lemma the functor f* is exact, and thus preserves (stable) weak equi-
valences. In fact we have an identification for E € Sp5 (Smy), neZ,

7Tn(f*E) :f*(nn(E))

In general, however, neither f,:SpS (Smg')— SpS' (Sms) nor £*:SpS (Smg)—
SpS' (Smys') do preserve stable weak equivalences (nor stable A!-weak equiva-
lences); see [31, p. 62] for a precise account in the case of simplicial sheaves.

For any S'-spectrum F in Smg, we set Rf.(F) := f«(Fy) (where as usual
(=) means a chosen fibrant resolution functor on SpS](SmS’)).

LEMMA 5.2.1.
(1) The functor Rf*,SpSl(SmS’) — SpS'(Smy), E +— Rf.(E) maps stable
weak equivalences to stable weak equivalences. We still denote by

Rf.:SHS (Smg) — SHS (Smy)
the induced functor. It is the right derived functor of f, in the sense of

Quillen [34, 14].
(2) For any U € Smg, any n€Z the canonical map

[T @D E] 53451 5y = [UDRL REAE) 3451 (55
is an isomorphism.
Proof. Let U € Smg, n>0. Then
TSN E P gpst smey =L WD), Elspgst (s
because E; is fibrant. But observe that the S!-spectrum f.(E;) is a

B.G.-S'-spectrum as it follows at once by adjunction and because f*(U) is the
sheaf represented by f~!1(U). Thus 7 (U )[n], f«(Ef)) =[(U3)[n], Rf.(E)], as
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well. To prove (2) in the case n > 0 we just observe that the adjunction induces
a bijection

T(UM], f(E))=r((f~ U)Inl, Ef)

But the case n <0 follows easily by shifting £E. Now (1) follows from (2)
because the (U,)’s generate the triangulated category SHfI(SmS). O

COROLLARY 5.2.2. With the assumptions and notations above:
(1) given any family {F,}, of S'-spectra on Smg', the morphism
VaRf(Fo) = Rf«(Va Fo)

is an isomorphism.

(2) The functor Rf, admits a left adjoint, denoted by Lf*, which is the left
derived functor of f* in the sense of Quillen [34, 1.4]. For any U € Smy,
the obvious morphism

(f'U)) = LUy

is an isomorphism.

Proof. To show (1), it is sufficient to check that it induces an isomor-
phism when applying [(U,)[n], —] for any U € Smg, any n € Z. But this fol-
lows from (2) of Lemma 5.2.1 by 3.1.1 (4).

The existence of the left adjoint in (2) is equivalent to proving that
for each S'-spectra E on Smg, the functor F > [E., Rf(F)]sp5' (sim) is
representable.'* That statement is true for E = (U,) by Lemma 5.2.1 (2).
But clearly the conclusion is stable under taking cones, arbitrary wedges,
and we conclude because the smallest subcategory of SHSSI(SmS) satisfying
these properties and containing the (U,)’s is clearly SHf'(SmS) itself. O

LEMMA 5.2.3.
(1) Let FeSpSi(Sms’) be an A'-local spectrum. Then Rf.(F) is A'-local.
(2) Let F e Sp® (Smyg') be an S'-spectrum. Then the canonical morphism

Lat(Rf(F)) = Rf(Lpi(F))

is an isomorphism. As a consequence, Rf, does preserve stable A'-weak
equivalences and induces a functor denoted

RY f,: SH3 (Sms') — SHS' (Smy)

POf the form Fi—[f*(E), Flg, s Smsy"
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(3) The functor Lf*:SHfl(Smg) — SHfl(Sms/) does preserve stable A'-
weak equivalences and induces a functor denoted

Ly f*:SHS, (Sms) — SHS, (Smy)

which is left adjoint to RA]f*.

Proof. (1) clearly follows from Lemma 5.2.1 (1). (2) follows from (1)
and the description of the localization functor L, we gave above, taking
into account the formula Rf,(F Al) =(Rf.(F ))Al (which is a consequence of
Lemma 5.2.1 (1)), and the fact that Rf, commutes to direct sums (and thus
to forming telescopes). (3) follows from (1) by adjunction. O

We also mention the following:

LEMMA 5.2.4. For any morphism f:S — S and any integer n €7, the func-
tor

Lf*:SHS (Smg)— SHS (Smy')

maps n-connected S'-spectra to n-connected S'-spectra.
Proof. Indeed it is sufficient to treat the case n=—1. This follows clearly
from Lemma 3.3.4 and the fact that for X € Smg, Lf*(X)=(f"'(X)4). O

Remark 5.2.5. In case f is a finite morphism, we can prove as in [31,
Propositions 1.27 & 2.12] that Rf, = f.. Thus in that case as well, the exact
functor Rf, = f, maps n-connected S'-spectra to n-connected S!-spectra.

Functoriality with respect to smooth morphisms. Assume now that f:5 —
S is a smooth morphism. Then we already mentioned that f* preserves sta-
ble weak equivalences and thus it is clear that

fr=Lf*SHS (Sms) — SHE (Smy')

LEMMA 5.2.6. With the previous assumptions and notations:

(1) the functor Lf* = f* admits a left adjoint, denoted by Lfu, which is the
left derived functor of fu in the sense of Quillen [34, 1.4]. For any U €
Smg', the obvious morphism

(f#(U)4) — Lfx((Uy))

is an isomlorphism.
(2) If E € SpS (Sms) be a B.G-spectrum (resp. A'-local spectrum), then so
is f*(E).
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(3) Let E € SpS' (Smy) be a fibrant spectrum. Then the canonical morphism
Ly (f*(F) = fH(Lp(F))

is an isomorphism. 1 1
(4) The functor Lfu:SHS (Sms') — SHS (Sms) preserves stable A'-weak
equivalences and the induced functor

LfE :SHS (Sms') — SHS, (Sms)
is left adjoint to Ly f*.

Proof. (1) The functor f* being a left adjoint, it commutes to arbitrary
sums and thus we formally get as in Corollary 5.2.2 the existence of a left
adjoint L fﬁl. To prove the last part of the statement we first observe that
if EESpSl(SmS) is fibrant, then f*(E) is a B.G.-spectrum in Smg’: this fol-
lows easily from the fact that applying f; to a distinguished square over §’
yields a distinguished square over S. This easily implies the statement.

(2, 3, 4) are proven in the same way as in Lemma 5.2.3. We observe here
that we already knew that f* preserves stable A'-weak equivalences. O

COROLLARY 5.2.7. Let f:S8 — S be an S-scheme which is a filtering limit
of a diagram {S,}, of smooth S-schemes with affine transition morphisms [14,
8.2). For each o denote by fy:S,— S the smooth structural morphisms.

(1) for any BG-S'-spectrum E then f ;“(E) is a BG-spectrum.
(2) For any X € Smg and any E € SpS (Sms) the morphism

colima[(f;7" (X)), £ Elspist (sms,y = L T D45 F*Elgpest (smy

is an isomorphis}m.
3) For]any E € SpS (Smy) any pointed X € Sms, the canonical morphism (in
SpS (Sms'))

FUED) = (f(ENY Y
is an isomorphism. As a consequence, the morphism
FHLp(E))— Ly (f*(E))

is a stable weak equivalence, and in particular, if E is A'-local so is f*E.

Proof. 1t is not hard to see, using again the results in [14, 8.2], that a
distinguished square in Smy’ is the pull-back along one of the morphism
S’ — S, of a distinguished square defined on S,,. So replacing S by S,
we may assume given a distinguished square in Smg. The fact that f*E is
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a B.G.-spectrum follows then from: Lemma 5.1.2 (2), the fact (by Lemma
5.2.6) that each fE is a B.G.-spectrum, that the pull back of a distin-
guished square by any morphism is a distinguished square and the fact that
a filtering colimit of homotopy cartesian squares of S!-spectra is still a ho-
motopy cartesian square of S'-spectra. This proves (1).

Part (2) is a consequence of (1) together the corresponding isomorphism
of S'-spectra of sections

FHENSfH (X)) =colimg f (E)(f, (X))
which follows from lemma 5.1.2 (1).

Point (3) follows easily from (1) and lemma 5.1.2 (2). O

EXAMPLE 5.2.8. We keep the same assumptions and notations as in
5.1.3. Then the lemma above implies that the morphisms

70 (E(O% ) = [°, f*(E)sp45! (s
and

70(L st (E)(O%. ) = 8", F* (Bl yqs! s

are isomorphisms. As a consequence the S'-spectrum L,i(E),, fiber at x of
L4 (E), is isomorphic in the “usual” stable homotopy category of S!-spec-
tra to (L (f*E))(SpecOY ).

5.3. THE GLUING THEOREM

Let j:U — S be an open immersion. We let Smyg; denote the category
of smooth U-schemes. We let Shv(Smy) denote the corresponding cate-
gory of sheaves of sets in the Nisnevich topology. The restriction functor
j*:Shv(Smg) — Shv(Smy) has both a right adjoint j, and a left adjoint jx
and is thus exact. The functor jy: Shv(Smy) — Shv(Smyg) is a fully faith-
ful embedding which identifies Shv(Smy) with the category Shv(Smyg)/U
of objects F € Shv(Smyg) whose structure morphism F — * factors through
the sub-object *y =U C S=x%€ Smyg of .

LEMMA 5.3.1.
(1) The functor

Jju:Shv(Smy) — Shv(Smg)
is exact and in particular the induced functor on spectra

Ju: Sp’ (Smy) — SpS' (Smy)
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preserves stable weak equivalences and maps n-connected S'-spectra to n-
connected S'-spectra.
(2) The induced functor

ju=Ljw: SHS (Smsy) — SHS (Sms)
is a fully faithful embedding.

Proof. (1) is proven by computing the fibers for instance.

(2) Indeed, the natural transformation Id — Lj* o Ljz = j* o j4 is an
isomorphism. Thus [E, F]SH§1 (Smsy) = [E,Lj*o Ljg(F)]=[Lj&(E), Lju(F)],
thus proving the first assertion. O

Let now i: Z — S be the complementary closed immersion of the open
immersion j:U — § (with the reduced induced structure on Z). We let
Sms, :=Smz be the category of smooth Z-schemes and let Shv(Smyz)
denote the corresponding category of sheaves in the Nisnevich topology.
The functor i, which is exact [31, Prop. 1.27 p. 105]; as in [31, Prop.
2.12 p. 108] we deduce that i, preserves Al-weak equivalences and A!-local
objects and thus in particular it also preserves the A'-localization.

Given an S!-spectrum E € SpSl(Sm s), the composition

jeEy > E — i, i"(E)
is the trivial morphism in SpSI(SmS), so that we have a canonical mor-
phism of S!-spectra C(juj*(E)— E)— i,i*(E). For simplicity in the sequel
we will simply set Ey:=j*E.

The following lemma can be either deduced or directly proven using [31,
Theorem 2.21]:

LEMMA 5.3.2. For any S'-spectrum E on Sms, the morphism

C(jyEy — E)— i,Lyi(Li*(E))

is an A'-weak equivalence. Thus there is a canonical exact triangle in
1
SHS (Sms):

Lai(j#(Ey)) = Lpi(E) = i (Lpi (Li*(E))

Remark 5.3.3. As J. Ayoub pointed out to us, contrary to what we pre-
viously thought, in general if E is an Al-local S'-spectrum on Smg, then
j#(E) is not Al-local. For instance take E to be the Eilenberg—MacLane
spectrum H(G,,)|U over U. Then using the previous lemma we see that the
Al-localization of jgE is the fiber of

HG,, —i,HG,
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because the two spectra are clearly A'-local. It is easy to check it is not
simplicially equivalent to ju(H(G,,)|U).

6. The A'-Connectivity Theorems
6.1. THE A!-CONNECTIVITY THEOREM OVER A FIELD

In this section, S is assumed to be the spectrum of the field k.

DEFINITION 6.1.1. (1) Let X be an A'-local pointed simplicial sheaf on
Smg and let n € N be an integer. We say that X' is weakly n-connected if
and only if for any generic point n € X € Smg with residue field F the fiber
X,=X(F) is n-connected (compare [27, Definition 3.3.5]).

(2) Let E be an S!'-spectrum on Smg and let n €Z be an integer. We say
that E is weakly n-connected if and only if for any generic point ne€ X € Smg
with residue field F the fiber E,, = E(F) is an n-connected S'-spectrum.

Remark 6.1.2. Clearly any (—1)-connected S!-spectrum on Smy is weakly
(—1)-connected. If one assumes E is fibrant and A'-local Remark 4.1.3
implies that each E, is a fibrant A'-local pointed simplicial sheaf. More-
over, the assumption that E is weakly (—1)-connected is equivalent to
requiring that E, is weakly (n — 1)-connected for each integer n € N.

We will now prove that [27, Lemma 3.3.6] holds in a more general
context:

LEMMA 6.1.3. Let X be an A'-local pointed simplicial sheaf on Sms and
n >0 an integer. Then the following conditions are equivalent:

(i) X is weakly n-connected;
(ii) X is n-connected.

The same proof carries over exactly the same way so that we end up
with proving the following generalization of [27, Lemma 3.3.7]:

LEMMA 6.1.4. Let X € Smg be irreducible and let Q€ X be an open dense
subscheme. Then the pointed simplicial sheaf

Ly (X/Q)

is O-connected.

Proof. [27, Lemma 3.3.7] gives exactly the statement when k is perfect
(the proof relies on the homotopy purity theorem [31] and the perfectness
of the base field). Thus we may assume that k is not perfect!
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Recall that by [31, Corollary 3.22 p. 94], for any simplicial sheaf of sets
X the morphism of sheaves

Xo— o (L1 (X))

is an epimorphism.
In particular,

X = mo(Lai(X/S2))

is an epimorphism. Thus it is sufficient to show that any point x € X admits
an open neighborhood U such that wo(Lai(U/(2NU)) is trivial; indeed by
functoriality then, U — mo(L 1 (X/2)) is trivial.

Let Z C X denote the closed immersion of the complement of Q (with
the reduced structure). As we assumed k is not perfect, it is thus infi-
nite and by Gabber’s presentation Lemma [13, Lemma 3.1] or more pre-
cisely [9, Theorem 3.1.1] any point x € X admits an open neighborhood
U and an étale morphism 7:U — Al,, with V some open subscheme in
the affine space AY~!, with d the dimension of X at x, such that =
induces a closed immersion Zy :=ZﬂU—>A{,, satisfying Zy ="' (w(Zy))
and such that Zy — V is finite. One thus gets an isomorphism of Nis-
nevich sheaves U/(U — Zy) — A%, / (A{, — Zy) and it suffices to check that
mo(Lyi (AL /(AY, — Zy))) is trivial.

We now follow [9]: because Zy — V is finite, Zy — P}, is proper, thus
still a closed immersion, and moreover it doesn’t meet the section at infinity
Seo: V — IP’{,. But now by Mayer—Vietoris excision, the morphism of sheaves

Ay /Ay — Zy) = Py /(P — Zy)

is an isomorphism. But as Al, — Pl /(P}, — Zy) is onto and L (A}) =
L1 (V) is an isomorphism, the composition

V— AL — mo(Ly (]P’%//(P%/ —Zy)))

is onto for any section V — Al for instance the zero section.
But in P}, the zero section is A!-homotopic to the section at infinity
Soo: V=Pl As 500 (V) CPL — Zy we see that

V — mo(Ly Py /(P — Zy)))

is the trivial morphism, as required. m|

Remark 6.1.5. The analogue of the previous Lemma is wrong in gen-
eral over a base S which is not a field. The smallest counter-example is
obtained as follows: take X =8 and i:Z C S a non-empty closed sub-
scheme of codimension ¢ > 0. Then using Lemma 5.3.2 and the fact that
ix(Lp1(Li*S%)=i,(S) one gets that Lsi(S/S — Z)=i,(S°), which is clearly
not 0-connected.
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Now we can easily prove:

LEMMA 6.1.6. Let E be an A'-local S'-spectrum. Then the following con-
ditions are equivalent:

(i) E is weakly (—1)-connected;
(ii) E is (—1)-connected.

Proof We may assume E to be fibrant and A'-local; Remark 4.1.3
implies that each E, is a fibrant A'-local simplicial sheaf. Moreover, by
Remark 6.1.2 each E, is weakly (n —1)-connected. Then Lemma 6.1.3 gives
us that each E, is indeed (n — 1)-connected, so that E is (—1)-connected.

[

LEMMA 6.1.7. Let E be a (—1)-connected S'-spectrum. Then its A'-local-
ization is weakly (—1)-connected.

Proof. Let ne X € Smg be a generic point of X with residue field F. By
Corollary 5.2.7, the fiber L,i(E),, can be identified (up to isomorphism in
SH ) to the S'-spectrum of simplicial sets

Ly (f*(E)(Spec(F))

where f:Spec(F)— Spec(k) is the obvious morphism. But clearly f*(FE) is
still (—1)-connected. Then by Corollary 4.3.3, the groups

[(Spec(F))[n], Ly (f (E)]=m,(Lp (f*(E))(Spec(F)))
vanish for n <0. Thus L (f*(E))(Spec(F)) = L (E), i1s (—1)-connected,
proving that L,i(E) is weakly (—1)-connected. O

The Lemmas above imply our main result:

THEOREM 6.1.8. Let E be an (—1)-connected S'-spectrum on Smgs. Then
its A'-localization L (E) is (—1)-connected.

6.2. A'-CONNECTIVITY AND STRICTLY A!-INVARIANT SHEAVES
In this section now, § is again a general base scheme.
DEFINITION 6.2.1. A sheaf of abelian groups M € Ab(Smy) is said to be

strictly A'-invariant if and only if for any X € Smg and any integer n e N
the obvious homomorphism

Hi (X M) — HE (X x Al M)
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is an isomorphism. We denote by Ab,i(Smg) C Ab(Smy) the full subcategory
consisting of abelian sheaves which are strictly A'-invariant.

The following justifies the introduction of the previous notion:

LEMMA 6.2.2. Let M € Ab(Smg). Then the Eilenberg—MacLane S'-spec-
trum H(M) is A'-local if and only if M is strictly Al-invariant.

Proof Assume H(M) is A'-local. Lemma 4.1.2 (iv) and the identifica-
tion Hy, (X; M)=[(X1), HM[n]] imply that for any X € Smg and neZ, M
is strictly Al-invariant.

Conversely, if M is strictly A'-invariant, then we deduce that the homomor-
phism

[(X1), HM[n]]— [(X3) A (AL), HM(n]]

is an isomorphism for all X € Smg and all n € Z, and we conclude by
Lemma 4.1.2 that HM is A'-local. O

EXAMPLE 6.2.3. Let M be an abelian group; then its associated con-
stant sheaf M on Smgy;, is strictly Al-invariant: we mentioned 3.2.4 that
H*(X; M) vanishes for x>0 and clearly X — M (X) is a Al-invariant sheaf.

EXAMPLE 6.2.4. Let M be a homotopy invariant sheaf with transfers on
the category Smy; of smooth k-schemes in the sense of Voevodsky [40].
When k is perfect, one of the main results of [39] is that M is strictly A'-
invariant.

EXAMPLE 6.2.5. Let f:$ — S be a smooth morphism (or a mor-
phism satisfying the assumption of Corollary 5.2.7). Then for any strictly
Al-invariant sheaf M on S, the sheaf f*(M) on S’ is strictly A'-invariant.
This follows for instance from Corollary 5.2.7 and the fact that f*(HM)=
Hf*(M).

Consequence of the stable A'-connectivity property.

LEMMA 6.2.6. Assume stable A'-connectivity propertyholds over S. Let E
be an A'-local S'-spectrum. Then its non-negative part Esq is an A'-local
Sl-spectrum. As a consequence, for any integer ne€Z the triangle of S'-spec-
tra (in SHS' (Smy))

E}n — FE — Egn—l

consists of Al-local S'-spectra.
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Proof. Indeed, applying the A'-localization functor yields
LAI (EQO) — LAI (E) =F

By assumption, Lai(Exg) is (—1)-connected. Thus by the property of the
standard t-structure (see Section 3), Lxi(E>o) maps back to E>o and Exy,
being a direct factor of Ly (Exo), is Al-local. The rest of the statement eas-
ily follows. m|

THEOREM 6.2.7. Assume stable A'-connectivity propertyholds on S. Let E
be an S'-spectrum over S, then the following properties are equivalent

(i) E is Al-local;
(ii) Each of the S'-spectra Ex,, neZ, is Al-local;
(iii) the sheaves m,(E) € Ab(Smg) are strictly A'-invariant for each neZ.

Proof. We already know from Lemma 6.2.6 that (i)=(ii). Clearly, because
of the triangles
H(T[n(E))[I’l] - E}n - E}nfl
we get (ii)=(iii)). The implication (iii))=(i) easily follows from Lemmas
3.33,4.1.2, 6.2.2. O

Remark 6.2.8. If E € Sp is an S'-spectrum in S, we see from the pre-
vious Theorem and Example 6.2.3 that E is A'-local (when considered in
SpSl(Sm s)). We thus deduce from Remark 3.3.5 that the functor

SH— SHill (Smg), E~ E

is a fully faithful embedding when S is irreducible. This holds without any
assumption on S. In particular, the canonical morphism

Z—[8°, S%a

is an isomorphism.
We can now prove the Lemma 5 of the introduction which we restate:

COROLLARY 6.2.9. Assume that the stable A'-connectivity property holds
on S. Then:

(1) For any sheaf E of S'-spectra over S and any integer n €Z, the sheaves
1
7, (E)=1(Lp1 (E))

are strictly Al-invariant.



48 F. MOREL

(2) Let E:(Smg) —, U E(U) be a presheaf of S'-spectra over S which
has the B.G. property for distinguished squares (see 3.1.6 and 3.1.8, or
[311) and the A'-invariance property: for any U € Sms, the morphism
EWU)— EWU x A is a stable weak equivalence. Then for any n € Z,
the Nisnevich sheaf H"(E) = n_,(E) associated to the presheaf U +—
E"(U):=n_,(EU)) is a strictly A'-invariant sheaf.

Proof We already mentioned that for an S!'-spectrum E the sheaf
71‘_&,11(E) is the associated Nisnevich sheaf to the presheaf U [(U,), E[n]]a1;
according to Theorem 6.2.7 the statement becomes clear (the case of pres-
heaves uses Remark 4.2.6). O

The homotopy t-structure.

DEFINITION 6.2.10. (1) For any S'-spectrum E and any integer n € Z we
set

72 (E) =1, Ly (E) € Abyi (Sm)

(2) An Sl-spectrum F is said to be Al-non-positive if L,i(F) €
SHS (Sms)<o that is to say if

rrfl(F)zo for n>0

We denote by SHill(SmS)go C SHill(SmS) the full subcategory whose
objects are Al!-non-positive.

(3) We say that an S!-spectrum E is A'-non-negative if L (E) e
SHfl(SmS)>0 that is to say if

thl(E)=O for n <0

We denote SHgll(Smsbo CSHfQ(SmS) the full subcategory whose objects
are Al-non-negative.

The results of Section 3 and the previous ones clearly imply thelfol—
lowing Lemma, in which we set for E € Sp5 (Smg) and n € Z, Egn =

(Lai(E))zy and E2, = (Lyi(E))<y:

LEMMA 6.2.11. Assume stable A'-connectivity propertyholds over S. The
pair (SHgﬂ(Smsbo,SH;;II(SmS)go) defines a t-structure [5] on SH;;II (Smy).
The functor

Ly SHS (Smg) — SHS (Sms)
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is exact with respect to the t-structures (the standard one on the right). For
1 .
any E € Sp5 (Smy), the morphisms:

. Al . Al
hocolim,_, _E=, — E and E — holimy—, +E,

are both isomorphisms in SHil,(Sm ).

For any U € Smyg of Krull dimension <d, any E € SpSl(Sms) the mor-
phism

[(Up), Elar = [(Us), Ealan

is onto for n>d —1 and an isomorphism for n >d.
The following conditions on an S'-spectrum F are equivalent:

(i) For any 1l'nteger n>0, any U € Smg the group [(Uy)[n], Fla is trivial.
(ii) FeSH3, (Smg)<o.

The ¢-structure on SH‘SQ1 (Smyg) in the Lemma will be called the homoto-

py t-structure on SHil, (Smy), provided of course the stable A'-connectivity
propertyholds over S.

Remark 6.2.12. In fact, without any assumption on S, one may define
1 o, . .
the subcategory SHgl (Smg)<o by the last condition of the previous Lemma.

One may then define the subcategory SHill(SmS)>0 by required that

E € S?‘(g}l (Smg)>o if and only if for any F € SH;;II (Smg)<o, one has
[E, F[—1]]41 =0. It can be shown « priori that these classes define a ¢-struc-
ture on SHiJI(SmS).

Assume again now that the stable A!-connectivity propertyholds over S.
Recall that the feart of the ¢-structure is the intersection

SHE\ (Sms) 50N SHS, (Sms) <o

and that it is an abelian category by [5].
From Theorem 6.2.7 we see that n§1 induces a functor

7l SHE\ (Smg) — Abyi (Smy)
Moreover by Example 6.2.3, we have the functor
H: Abyi (Smg) — SHS, (Sms)

whose image is clearly contained in the heart S’H;g] (Sms)>o ﬁSHf;l (Sms)<o.
The following Lemma is then rather clear from what we have done so far:
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LEMMA 6.2.13. Assume that the stable A'-connectivity propertyholds over
S. The functors

7wl SHE, (Smg) 5o NSHS, (Sms) <o — Abyi (Sms)
and
H: Abyi (Smg) — SHE, (Sms) =0 NSHS, (Sms) <o
are equivalences of categories inverse to each other. As a consequence the cat-

egory Abyi(Smg) is abelian, and the functor Abyi(Smg) — Ab(Smg) is an
exact full embedding and admits as left adjoint the functor

LA Ab(Smg) — Abgi (Sms), M ' (HM)
Moreover, the functor

(Abyi (Sms))> — Abyi (Smys)
(M,N)> M@ N:=L:t(M®N)

defines a symmetric monoidal structure on Abyi(Smy).

Remark 6.2.14. The fact that the category Ab,i(Smy) is abelian, and the
functor Abyi(Smg) — Ab(Smg) is an exact full embedding is not trivial a
priori. Indeed, this exactly means that if f: M — N is a morphism between
strictly Al-invariant sheaves over S, the Kernel and Cokernel (computed in
the abelian category of sheaves) are both strictly A'-invariant.

Remark 6.2.15. We do not know any example (see the computations in
[29]) of a sheaf M where the canonical morphism

M— LY (M)
is not an epimorphism in the Zariski topology.

Remark 6.2.16. On can show that the symmetric monoidal structure on
Abyi1(Smg) given in the Lemma is compatible to the symmetric monoidal
structure on SHf] (Smg) induced by the smash-product (E, F)+—> EAF [18,
23]; we have the formula for (M, N) € (Abyi (Smy))?

M®uN=nl(HMAHN)
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6.3. BASE CHANGE AND STABLE A'-CONNECTIVITY PROPERTY
LEMMA 6.3.1. The following conditions are equivalent on S:

(i) The stable A'-connectivity propertyholds over S;
(ii) For any smooth S-scheme X, the Al-localization of (X,) is (—1)-con-
nected.

Proof. Clearly (i) = (ii). Let’s prove the converse implication. Let E be
a (—1)-connected S'-spectrum over S. By Lemma 3.3.4, E is isomorphic in
SHSSI(SmS) to the telescope of a diagram: *=E®— ... — E" — ... with E"
the cone of a morphism of spectra

Vo (Xe))[ng — 11— E"!

where the «’s run in some set [,,, with X, € Smg and n, >0.
It suffices to prove that each L,i(E") is (—1)-connected. We have exact
triangles of the form

Ly (E" Y= Ly (E™) — VoLt (Xa) 1) [1a]

because the A'-localization functor preserves wedges and exact triangles
(and thus telescopes); we conclude easily by induction on n and the
assumption. O

LEMMA 6.3.2. (1) Assume that the stable A'-connectivity propertyholds
over S. Then for any étale morphism f:S — S it holds over S’

(2) Assume that {U; — S}; is a finite family of étale morphism which is a
Nisnevich covering of S. Then the stable A'-connectivity propertyholds over
each of U;’s if and only if it holds over S.

(3) Assume f:S" — S is a morphism which is a filtering limit of a diagram
{Sy}e of smooth S-schemes with affine transition morphisms [14, 8.2] and that
the stable A'-connectivity propertyholds over each S,’s, then it holds over S'.

Proof. (1). By the previous Lemma it suffices to prove that the S'-spec-
trum L1 (X, ) is (—1)-connected for any smooth S’-scheme. It is is clear in
view of the assumption and of Lemmas 5.2.4 and 5.2.6 that L (f*(feX)y)
is (—1)-connected. But because f is étale, the obvious morphism of smooth
schemes over S’

X — f*(f#X)ZX X5S/

admits as retraction the étale morphism X':=X xS — X (observe it is not
a morphism of S’-schemes). Thus as a smooth $’-scheme X’ can be written
X" X. Then L,i(Xy) being a summand in Ly (X)) is (—1)-connected as
well.
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Now (2) follows from (1) and the fact that an S'-spectrum E over S is
(—1)-connected if and only if each f*(E) is (—1)-connected over U;.

Again by Lemma 6.3.1, it suffices to prove that the S'-spectrum
Ly (Xy) is (—1)-connected for any smooth §’-scheme. By standard results
from [14] we know there is an @ and a smooth S,-scheme X, such that
X =Xq x5, 8. We know easily conclude from 5.2.4 and 5.2.6. O

COROLLARY 6.3.3. The following conditions are equivalent on S:

(i) The stable A'-connectivity propertyholds over S
(ii) The stable A'-connectivity propertyholds over each local ring of points of S;
(iii) The stable A'-connectivity propertyholds over each henselian local ring

of points of S.

Proof. The implications (i) = (ii)) and (i1) = (iii) clearly follow from
Lemma 6.3.2. The implication (iii) = (i) follows from the fact that an
Sl-spectrum E over S is (—1)-connected if and only if for each s € S, the
restriction of E to the local schemes Spec(Og’s)—> S is (—1)-connected, as
well as Corollary 5.2.7 (3). O

LEMMA 6.3.4. Let f:S'— S be a finite morphism. If the stable A'-connec-
tivity propertyholds over S it holds over S’

Proof. By Lemma 5.2.3 and Remark 5.2.5, given a (—1)-connected S'-
spectrum E over S', fi(E) is (—1)-connected and L i (fi(E)) = fi(Lai (E)).
The conclusion now follows from the following easy observation: given x €
X € Smg, the fiber f*(E)(Spec(Oé‘(,x)) is isomorphic to the (finite) wedge

vyE(Spec(Ogﬂy))

where ¥ =8 x5 Spec(O%,)), a finite Spec(O% ,))-scheme which is thus a
finite disjoint union of henselian local rings (of smooth S’-schemes) and y
runs over the finite set of (closed) points lying over x. O

LEMMA 6.3.5. Assume that the stable1 Al-connectivity propertyholds over
S. Then given any S'-spectrum E € SpS (Sms), the following conditions are
equivalent:

(i) Lpyi(E) is (—1)-connected;

(ii) For any point x €S the S'-spectrum Lyi(Li*E) is (—1)-connected, where
k(x) denotes the residue field of x and i,:Spec(k) — S the canonical
morphism.

Proof. The implication (i) = (ii) follows from Lemma 5.2.4 and Theo-
rem 6.1.8.
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To prove (ii)) = (i) it suffices to prove that for each point s € S the
restriction

Lt (Elspecog,) = (Lt (E))Ispec(os.)

of L,i(E) to the local scheme Spec(Ogs ;) 1s (—1)-connected. We proceed
by induction on the Krull dimension d of Spec(Oss). We let j:U —
Spec(Oss) denote the complement of the closed point i:Spec(k(s)) —
Spec(Os5). From Lemma 5.3.2, the following is an exact triangle of
S'-spectra over Spec(Os.):

Lt(Ljg(Lpi(Ev))) = Ly (Elspec(os,)) = ix(La1 (Liy E))

We observe that the stable A!-connectivity propertyholds over the local
scheme Spec(Ogs ) and over its open subscheme U. The results now follows
quite easily because Lyi(E|y) is (—1)-connected as we know the restriction
of L, (E) to each local rings of U are of smaller dimension. O

We conclude this section by discussing the following Conjecture made
by J. Ayoub, which may hopefully give a program to prove more cases of
the stable A!-connectivity property:

CONIJECTURE 6.3.6. (J. Ayoub) For any regular local scheme S, with
closed point i:s — S and open complement j:U C S, and for any strictly A'-
invariant sheaf' M over Smy, one has:

(1) the sheaf j.(M) on Smyg is strictly Al-invariant;
(2) the canonical morphism of sheaves

Jo(M) = il (Li*(H (j,(M)))))

is an epimorphism,
(3) the canonical morphism in SHf;](SmS)

H(j(M))— Rj.(HM)=H(Rj.(M))

is an isomorphism.

We observe that (3)= (1) because Rj,(HM) is A'-local by construction.
We also have the following implications:

LEMMA 6.3.7. The stable A'-connectivity propertyfor S implies points (1)
and (2) of the conjecture.
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Proof. The sheaf j.(M) is clearly isomorphic to mo(Rj,(HM)). As
Rj.(HM) is Al-local by construction, if the stable A!-connectivity prop-
ertyholds over S, j.(M) is a strictly Al-invariant sheaf. Moreover, the glu-
ing Lemma 5.3.2, say the spectrum L (Ljg(HM)) is the homotopy fiber
of the morphism

Hj (M) — i, (Lp Li*(H (j(M))))

But it is (—1)-connected by the stable A'-connectivity propertyproperty on
S because Ljz(HM) is (—1)-connected. This fact then implies (2). O

LEMMA 6.3.8. The previous conjecture for all local ring of a regular
scheme S implies the stable A'-connectivity propertyfor S.

Proof. Tt suffices to prove the stable A!-connectivity propertyover each
local ring of S and proceeding by induction on the dimension of these
rings we may assume S itself is local (regular) and that the stable A!-
connectivity propertyholds over the open complement U C S of the closed
point.

Given a (—1)-connected spectrum E over S, we have the exact triangle

Ly (Ljg(E|U)) — Ly (E) = i (Ly Li*(E))

given by the gluing Lemma 5.3.2. The right hand side is (—1)-connected
because we know the stable A'-connectivity propertyover the residue field
of S (and because i, is exact and Li* preserves (—1)-connected objects).
Thus it suffices to check that for a (—1)-connected Al-local spectrum E
over U, Ly (Ljz(E)) is (—1)-connected over S.

Now from the stable A'-connectivity propertyover U, we see that the
homotopy sheaves of E are strictly A'-invariant sheavesover U. But Rj,
commutes to homotopy inverse limit of towers so that Rj,(E) is the ho-
motopy inverse limit of the tower {Rj.(E<,)},. Now assumption (3) implies
by induction on n (the number of stages in the Postnikov truncations)
that

i (R« (E<n)) = Jx (i (E<n))

and that moreover this sheaf is strictly A'-invariant over S. Thus the tower
{Rj(E<n)}n 1s exactly the Postnikov tower of its homotopy inverse limit
Rj.(E). This implies also that i,(La1Li*(Rj.(E))) is the homotopy inverse
limit of the tower of i,(La1Li*(Rj«(E<y,))); this follows from the fact that
i, is exact and Li* preserves (—1)-connected objects which shows that the
homotopy sheaves in this tower stabilize. The gluing Lemma 5.3.2 thus
implies that the spectrum L1 (Ljx(E)) is the homotopy inverse limit of the
L1 (Lj#(E<y,)) and that moreover the homotopy sheaves in that tower sta-
bilize.
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Now the gluing Lemma again and property (2) show that for any n the
fiber Ly (Lju(H (m,(E)))) of

H (1, (E)) — i, (Lp Li* (H (7, (E))))

is (—1)-connected. Using this we get by induction that Lyi(Lj#(E<,)) 1S
(—1)-connected and from the fact that the homotopy sheaves in the tower
{Ly1(Ljy(E<y))}, stabilize we finally get the result. O

6.4. PURE SHEAVES AND THE GERSTEN CONJECTURE

Let us start this last section with the following problem: given a dense open
subscheme U C X of a smooth S-scheme X, is the S'-spectrum:

Ly (X/U)

0-connected? If so what is its connectivity? The reason for asking this ques-
tion comes from the homotopy purity Theorem of [31]. If U is the comple-
ment of a closed subscheme i: Z— X of codimension d >0, smooth over S,
then

Ly (X/U)=La(Th(v(i)))

where Th(v(i)) is the Thom space of the normal bundle v(i) of the regu-
lar immersion i. This can be shown to be (d — 1)-connected when the stable
Al-connectivity propertyholds over S.

Here is the natural generalization of this fact:

THEOREM 6.4.1. Assume stable A'-connectivity propertyholds over S. Let
X be a smooth S-scheme and U C X an open subscheme such that the com-
plementary closed immersion Z — X is everywhere of codimension >d and
such that Z — S is a universally equidimensional morphism (see [38] for
instance). Let X /(X — Z) denote the obvious quotient pointed sheaf of sets
in the Nisnevich topology on Smg and let (X/(X — Z)) denote its suspension
Sl-spectrum. Then its A'-localization

Ly (X/(X =2))

is a (d — 1)-connected sheaf of S'-spectra on Smg. In other words the mor-
phism of (strictly A'-invariant) abelian sheaves

T (X = Z)0) —> 7 (Xy)

is an isomorphism for n <d —2 and an epimorphism for n=d — 1.
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Remark 6.4.2. For d =0, this is exactly Theorem 6.1.8, because the quo-
tient X/¢ is indeed the pointed sheaf X,. The case d =1 exactly means
that U is dense in X and the statement is that (X/U) is 0-connected as an
Sl-spectrum; compare with Lemma 6.1.4.

Proof of the Theorem. By Lemma 6.3.5 and the assumption that Z is
universally equidimensional we clearly reduce to proving the theorem when
S=_8pec(k) is the spectrum of the residue field of a point in S. The conclu-
sion follows now from the equivalences in Lemma 6.4.3 and from Lemma
6.4.4 below. O

The following is rather easy to prove:

LEMMA 6.4.3. Let f:E — F be a morphism S'-spectrum on Sms, and
denote by C(f) its cone. The following conditions are equivalent

(1) The S'-spectrum Ly (C(f)) is (d — 1)-connected.
(2) The morphism of (strictly Al-invariant) abelian sheaves

1 1
T (E)— 7t (F)

is an isomorphism for n <d —2 and an epimorphism for n=d — 1.
(3) For any strictly A'-invariant sheaf M over Smg the homomorphism.:

[F: HM[n]]— [E, HM]n]]

is an isomorphism for n <d —2 and a monomorphism for n=d — 1.
The next Lemma is the crucial point in the proof of Theorem 6.4.1.

LEMMA 6.4.4. Let U C X be an open subscheme of a smooth k-scheme X
such that the codimension of the closed complement X —U in X is at least d.
Then for any strictly A'-invariant sheaf M on Smy, the morphism

Hy, (X; M)— Hy, (U; M)

is an isomorphism for n <d —2 and a monomorphism for n=d — 1.

Proof. Assume that k is infinite. Then the cousin complex for X (see [9,
(1.3) p. 36]), U E{?(U; M) defines a flasque resolution of the Zariski
sheaf H?,  associated to U Hy, (U; M). Indeed if E denotes a fibrant
resolution of H(M), the functor (Smy)’ — Ab*, X — Hy, (X; M) defines
a cohomology theory with substratum X — E(X) € Sp in the sense of [9];
then one gets the result by Corollary 5.1.11 of loc. cit.. In particular on has

Hy, (X, H%,)=H"(E]""(X; M))
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where the right hand side is the n-th cohomology group of the Cousin
complex.

By Theorem 8.3.1 of loc. cit. the left hand side coincides with Hy, (X; M)
and

H (X M) =H2, (X3 HYy ) = H'(EP (X5 M)

Now the lemma follows from the long exact sequence in cohomology
associated to the epimorphism of (Cousin) complexes EI™*(X; M) —
EP™*(U; M) whose kernel vanishes in dimension <d —1 by the assump-
tion on X —U.

The case when & is finite, in fact perfect, can be easily deduced from the
purity theorem of [31]. See Remark 6.4.5 below. m|

Remark 6.4.5. As in Lemma 6.1.3 (see also [27]), when k is perfect field,
we can give a quite geometric proof of the previous Lemma. If Z denotes
the reduced closed subscheme X — U there is an increasing sequence of
reduced closed subschemes:

@CFdime...Fd_,_]...Fd:Z

such that each k-scheme Fy; — Fy,; is smooth and F; has codimension s
in X. By the homotopy purity Theorem of [31], the sheaf (X — Fy41)/(X —
Fy) is A'-weakly equivalent to the Thom space of a rank s >d vector
bundle on F;. But it is easy to check that its Nisnevich cohomology with
coefficients in a strictly A'-invariant sheaf M will vanish in degree <d —1.

The following result is a direct consequence of Theorem 6.4.1. We don’t
know any “direct” proof of it, in the spirit of the previous proof for fields.

COROLLARY 6.4.6. Assume stable A'-connectivity propertyholds over S.
Let X be a smooth S-scheme and U C X an open subscheme such that the
complementary closed immersion Z — X is everywhere of codimension > d
and such that Z — S is a universally equidimensional morphism. Then for any
strictly A'-invariant sheaf M on Smg the morphism

Hy; (X: M) — Hy,; (U; M)

is an isomorphism for n<d —?2 and a monomorphism for n=d — 1.

Now we address the problem of comparing Zariski and Nisnevich coho-
mology. We first observe the following result:
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LEMMA 6.4.7. Assume S = Spec(k). Then for any strictly A'-invariant
sheaf M on Smy and any X € Smy, the homomorphism

H;, (X;M)— Hy, (X; M)

is an isomorphism.

Proof. For k infinite this is known by Theorem 8.3.1 of [9]. Over a finite
field & this follows from Lemma 6.4.8 below by reducing as in loc. cit. or
[35, Section 6] to the case of the infinite field k(X) of rational fractions. O

Observe that in our argument, contrary to [9], we won’t use any transfer,
even over a finite field.

LEMMA 6.4.8. Assume S = Spec(k) is the spectrum of a perfect field k.
Then for any strictly A'-invariant sheaf M on Smy and any U € Smy, the ho-
momorphisms

Hy, (U; M) — Hy,; (Ukxy; Mlix))

are monomorphisms.
Proof. By our general base change argument 5.2.7 we see that

Hy (Ukixy Mlkx))

is the filtering colimit of the H}, (U x (A — F); M), over the ordered set
of finite sets F of closed points in A'. Thus it is sufficient to prove that
for any open subscheme Q C A! any closed point x € Q the morphism
Hy. (U x QM) — Hy, (U x (2 —{x}); M) is injective (because of course
H*(U x A'; My=H*(U; M)). For this, it is sufficient to show that the obvi-
ous morphism in SH;;‘I (Smg): (2 — {x})4) — (R4) admits a right inverse
(so that (24) is a direct summand of ((2—{x})+)). By the Mayer—Vietoris
triangle

(R —{xDH3) = () = A/(AT = {x}) — (@ — {(x}[1]

it suffices to show that (A'/(A! —{x}) = (2 — {x};)[1] admits a left inverse.
But as the obvious composition (A!/(A! —{x}) = (R — {x) D[] — (Al —
{x}))[1] is easily checked to be the obvious morphism, we reduce to prov-
ing that (A'/(Al—{x})) = (A" — {x});)[1] has a left inverse in SHS, (Smy).
But there is always a rational point y#x in A! (in a field 0+ 1), and this
easily constructs our splitting. O

Over a general base, the question of whether or not for a strictly A'-
invariant sheaf M on Smg and for any X € Smg the homomorphism

H; (X;M)— Hy, (X; M)
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is an isomorphism is an open question. Now in the next definition, we
combine the two properties to get what we called pure sheaves:

DEFINITION 6.4.9. We will say that a sheaf of abelian groups on Smg in
the Nisnevich topology M is pure if:

(1) for any X € Smg the morphism Hj, (X; M)— Hy, (X; M) is an isomor-
phism;

(2) for any X € Smg, any open subscheme U C X such that the comple-
mentary closed immersion Z — X is everywhere of codimension >d the
morphism

Hy, (X; M)— Hy, (U; M)

is an isomorphism for n <d —2 and a monomorphism for n=d — 1.
We have learned that Nisnevich had also considered that property.

EXAMPLE 6.4.10. For instance, if S is normal, any semi-abelian S-scheme
A — S defines a strictly A'-invariant sheaf which is pure. This follows from
the standard properties of abelian schemes [12, Lemma 1] which imply they
are flasque sheaves and A!-invariant.

Lemmas 6.4.4 and 6.4.7 clearly prove:

LEMMA 6.4.11. Assume S=Spec(k) is the spectrum of a field k. Then any
strictly A'-invariant sheaf M on Smy is pure.

Observe that over a general base S, it is not true that any strictly A'-
invariant sheaf on Smg is pure. Take for i:Z C S a non-empty closed sub-
scheme of codimension d > 0. Then the sheaf i,Z is a strictly A'-invariant
(flasque) sheaf on Smg, but it is not pure. It is not clear whether or not
a pure sheaf of abelian groups is automatically strictly Al-invariant. Also,
it is not clear a priori whether the category of pure strictly Al-invariant
sheavesis abelian or not.

Denote by SH}S&I, (Sms)pure C 37—[15&1l (Sms) the full thick!* triangulated
subcategory generated by suspension S'-spectra (X,) of smooth projective
S-schemes. An object in SHgZ(SmS)pure will be called pure. We make the
following:

CONJECTURE 6.4.12. The A'-homotopy sheaves of any pure S'-spectrum
are pure.

4Closed under arbitrary wedges, retracts, and of course cones and suspensions.
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Remark 6.4.13. If the conjecture is true, observe that the A'-homology
sheaves of a pure spectrum E are pure as well. To prove this roughly,
observe that the Al-homology sheaves of E are the A!-homotopy sheaves
of the smash product HZ A E, where HZ the Eilenberg-MacLane spectrum
associated to the constant sheaf Z. Now given any S'-spectrum F over S,
and any pure E, a “cellular" decomposition of F will prove that F A E is
still pure.

Assuming now S is regular examples of pure sheaves should be the
sheaves associated to the presheaves X — H}(X; M) of étale cohomology
with coefficients in a locally constant constructible torsion sheaf M on S
of torsion prime to each characteristic of the residue fields of S. But this
is not yet known unless S itself is smooth over some base field for instance.

Still assuming S is regular, the representability of algebraic K-theory
by the Grassmanian [31] would imply that the associated sheaves K, to
the presheaves of Quillen’s K-groups (see Corollary 6) are pure. Also some
conjecture of the author predicts that KW can be constructed from smooth
projective S-schemes (the orthogonal Grassmanian) so that it would follow
that the sheaf W of Witt groups (see Corollary 6) is pure as well, at least
when 2 is invertible in S.

Finally the A!-homotopy sheaves of the algebraic spheres (G,,)"", A" — {0}
or (P, should be pure over a general regular base scheme. Thus there should
exist some type of unramified Milnor K-theory (or Witt groups, etc...) over a
general regular base scheme S (with 2 invertible), as these can be obtained over
a field by A'-homotopy sheaves of explicit cones of morphisms between alge-
braic spheres [29]. In general it seems that most of the interesting cohomology
theories are represented by pure spectra.

Pure sheaves and the Gersten conjecture. Let M be a sheaf of abelian
groups on Smyg in the Nisnevich topology. Recall [8,9] that the coniveau
spectral sequence for X € Smg, for the Nisnevich cohomology of X is a
cohomological spectral sequence of the form: E/(X; M) = va’zq(X M),
and that moreover one can identify the E;-term with

E(X; M) =@ exo HIT(X; M)

where X is the set of points in X of codimension p and H"(X; M)=
colimy HY,; (U/(U—-xNU); M) where U runs over the open subsets which
contain x.

We observe that the following Lemma appears in [32]:

LEMMA 6.4.14. Let x € X € Smg be any point, n be an integer and M be a
sheaf on Smg in the Nisnevich topology.
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(1) Then for n>2 there exists an isomorphism
~ —1 h
H!(X;M)=H" (Spec(OX’x) —{x}h M)
and an exact sequence

0— H)(X; M)— M (Spec(O% ) > M(Spec(O% ) — {x}) —
H!(X; M)—0

Thus in particular H!(X; M)=0 if n > codim(x).
(2) If M satisfies condition (1) of Definition 6.4.9 then moreover, for n =2
there exists an isomorphism

H'(X; M)= H" ' (Spec(Ox ,) — {x}; M)
and an exact sequence

0— H(X; M) — M(Spec(Ox.,)) — M(Spec(Ox ) — {x})
— H\(X; M)—0

Proof. (1) The isomorphism and the exact sequence are derived from a
base change argument, and the long exact sequence

cee—> H*fl(Spec((’)’}(’x) —{xh M)~ H*(Spec((’)?(’x), Spec((’)é’(’x) —{x}; M)
— H*(Spec(Oé'(’x); M)—...

as well as the fact the cohomology of Spec((’)ﬁ’(’x) is trivial. Moreover as
dim(Spec(O% ) — {x}) = codim(x) — 1, the second assertion follows from
the fact that Nisnevich cohomological dimension is less or equal to the
Krull dimension.

Part (2) is derived in the same way in the Zariski topology. O

Thus for any M, the term E{*?(X; M) vanishes for g > 0.

Assume now that M satisfies condition (2) of Definition 6.4.9. The term
Ef’ “1(X; M) then, clearly, also vanishes for ¢ <0; in that case, the coniveau
spectral sequence is concentrated on the line ¢ =0 and produces an isomor-
phism between the cohomology of the line ET’O(X ; M), called the “Cousin
complex” [9], and the Nisnevich cohomology Hy, (X; M). If moreover, M
satisfies condition (1) of Definition 6.4.9 this implies that for the localiza-
tion at a point of some X € Smg this cousin complex is exact.

It is not difficult to summarize these ideas as follows:

COROLLARY 6.4.15. Let M be a sheaf on (Sms)yis. Then the following
conditions are equivalent:



62 F. MOREL

(i) M is a pure sheaf of abelian groups,
(ii) For any x € X € Smg, H"(Ox »; M)=0if n>0 and H!(X; M)=0 if n <
codim(x),
(iii) The Gersten conjecture holds for M and for any localization of a point
n Smg.

Remark 6.4.16. Using Lemma 6.4.14 Condition (ii) can be checked to be
equivalent to the following:
For any x € X € Smg, H"(Ox ; M)=0 if n>0, and

H"(Spec(Ox ) —{x}; M) =0
if 1<n<codim(x)—1 and
M(Spec(Ox x)) —> M(Spec(Ox ) — {x})

is injective if codim(x) >0 and surjective if codim(x) > 1.

This corollary and the representability of algebraic K-theory by the infi-
nite Grassmanian over a regular base [31] shows that Conjectures 2 and
6.4.12 imply the Gersten conjecture in algebraic K-theory and should also
imply in much the same way the Gersten conjecture for sheaves of Witt
groups over a regular base in which 2 is invertible.

Brown—Gersten spectral sequences. Now let E be a presheaf of S'-spec-
tra on Smg which satisfies the B.G.-condition and the homotopy invari-
ance. Then for any X € Smg one has also the Brown-Gersten spectral
sequence [7] with E, term H ﬁm(x ; H9(E)) and converging to EP19(X); one
can check it is exactly the one obtained by the A'-Postnikov tower of E.
In general this spectral sequence won’t agree from E, with the coniveau
spectral sequence for E*(X). Even for instance in the case £E = HM the
Eilenberg—-MacLane spectrum of an arbitrary strictly Al-invariant sheaf!
However, it is not very hard to check:

LEMMA 6.4.17. Assume all the stable A'-homotopy sheaves of the sheaf of
spectra associated to E are pure. Then the coniveau spectral sequence agrees
from E, with the spectral sequence given by the Postnikov tower.

When E = K represents Algebraic K-theory over a field, this is the well-
known Gersten-Quillen spectral sequence [33]. In the case E = KW represent
Balmer’s Witt groups over a field (of char #£2) as in [16], this spectral sequence
can be shown, using [3], to coincide with the one constructed in [4].



THE STABLE A!-CONNECTIVITY THEOREMS 63

Appendix A. Review of Quillen’s Homotopical Algebra
A.1. THE AXIOMS

DEFINITION A.1.1. ([34]) Let C be a category and i: X — Y and p:E —
B be morphisms in C. We say that i has the left lifting property (LLP for
short) with respect to p or, equivalently, that p has the right lifting prop-
erty (RLP for short) with respect to i if for any commutative square of the
form

there exists a morphism 4:Y — E which keeps the diagram commutative,
1.e. such that poh=g and hoi = f respectively.

DEFINITION A.1.2 ([34]). Let C be a category equipped with three clas-
ses of morphisms (W, C, F) respectively called the weak equivalences, the
cofibrations and the fibrations. We say that (C, W, C, F) is a model category
(or that (W, C, F) is a model category structure on (C) if the following axi-
oms hold:

e MC1 C has all small limits and colimits

e MC2 If f and g are two composable morphisms and two of f, g or
go f are weak equivalences, then so is the third

e MC3 If the morphism f is retract of ¢ and g is a weak-equivalence, cofi-
bration or fibration then so is f

e MC4 Any fibration has the right lifting property with respect to trivial
cofibrations" and any trivial fibration'® has the right lifting property with
respect to cofibrations

e MC5 Any morphism f can be functorialy (in f) factorized as a com-
position poi where p is a fibration and i a trivial cofibration and as a
composition g o j where ¢ is a trivial fibration and j a cofibration.

Remark A.1.3. Indeed, the previous definition slightly differs from the
original one of Quillen: in MC1 Quillen only assumes the existence of all
finite limits and colimits and in MC5 Quillen only assumes the existence of
such factorizations but not the functoriality. It is now recognized that the
above axioms makes life easier.

3j.e. cofibrations which are also weak equivalences.
16 e. a fibration which is also a weak equivalence.
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The associated homotopy category is the category C[W~!] obtained by
formally inverting W in C. The previous axioms indeed implies [34] that
this category is well defined.

A.2. SIMPLICIAL STRUCTURE

Let C be a category. We refer the reader to Quillen [34] for the notion of a
simplicial structure on C. Recall at least that this means that we are given
a functor

O xC—C, (X, Y)—SX,Y)

with identifications Sy(X,Y)= Hom¢(X,Y) together with a natural trans-
formation

SX,Y)xSY,2)— S(X, Z)

compatible with the composition in C and satisfying some axioms.

EXAMPLE A.2.1. If X and Y are simplicial sheaves, denote by S(X,))
the simplicial set

1= Hom por spy(smg) (X X A", V)

This can be shown to induce a simplicial structure on A Shv(Smg). In
much the same way, for sheaves of S!-spectra E and F denote by S(E, F)
the simplicial set

n—> Homg q q, (EA(AL), F)

Then this induces a simplicial structure on SpSl(SmS). These simplicial
structures will be refereed to as the standard ones.

With such a simplicial structure fixed, we say that two morphisms
f:X—Y and g: X — Y are simplicially homotopic (with respect to the given
simplicial structure) if there is an & € S;(X,Y) such that dy(H) =g and
di(H)= f. We denote by

7(X,Y)

the quotient of the set of morphism Hom¢(X,Y) by the equivalence rela-
tion generated by the above simplicial homotopy relation. This set is of
course identical to the set 7((S(X, Y)) of connected components of the sim-
plicial set S(X,7Y).
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DEFINITION A.2.2. A simplicial model category is a model category
(C,W,C, F) together with a simplicial structure which is compatible to the
model category structure in the sense that the following axiom holds:

e SM7 for any cofibration i: X — Y and any fibration E — B, the obvious
map of simplicial sets

SY,E)— S(X,E) xsx,5S(Y, B)

is a Kan fibration [24] which is moreover trivial if either i or p is.

A.3. QUILLEN’S PRINCIPLE OF THE HOMOTOPICAL ALGEBRA

DEFINITION A.3.1. In a model category (C,W,C,F) an object X is
called cofibrant if the canonical morphism ¢ — X from the initial object to
X is a cofibration, and an object Y is called fibrant if the canonical mor-
phism Y — % from Y to the final object is a fibration.

THEOREM A.3.2. ([34]) Given a simplicial model category (C, A*, W, C, F)
with associated homotopy category H then for pair (X,Y) of a cofi-
brant object X and a fibrant object Y the natural map Homc(X,Y) —
Homy(X,Y) induces a bijection

7(X,Y)EHomy(X,Y)

Thus we can compute morphisms in the homotopy category of a sim-
plicial model category as follows. Choose a (functorial) trivial fibration
X.— X with X, cofibrant (such an X. is called a cofibrant resolution of
X). This is possible by the factorization axiom MCS5. Then in the same
way choose a (functorial) trivial cofibration ¥ — Y, with Y fibrant (such
a Yy is called a fibrant resolution of Y) and then observe that we have the
following sequences of bijections

Homy (X, Y)= Homy(Xe, Y) = Homp (X, Yi) Z1(Xe, Yy)

The first two bijections are completely formal, the last one is a particular
case of the previous theorem.
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